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The objective of this paper is to discuss the dynamics of an HIV pathogenesis model with full logistic target cell growth of
uninfected T cells and cure rate of infected T cells. Local and global dynamics of both infection-free and infected equilibrium
points are rigorously established. It is found that if basic reproduction number R; <1, the infection is cleared from T cells
and if R >1, the HIV infection persists. Also, we have carried out numerical simulations to verify the results. The existence
of non-trivial periodic solution is also studied by means of numerical simulation. Therefore, we find a parameter region
where infected equilibrium point is globally stable to make the model biologically significant. From the overall study, it is
found that proliferation of T cells cannot be ignored during the study of HIV dynamics for better results and we can focus
on a treatment policy which can control the parameters of the model in such a way that the basic reproduction number

remains less than or equal to one.

Keywords: HIV, Local and Global Stability, Periodic Solution, Treatment

2010 AMS classification: 34A34, 34D23, 37C25

1. Introduction

Acquired Immunodeficiency Syndrome (AIDS) which is
caused by Human Immunodeficiency Virus (HIV) is one
of the major threats for human community. Since the first
patient was identified in 1981, HIV has claimed more than
32 million lives up to November 2019 and the epidemic
continues to spread'. According to the literatures of
biology, HIV mainly targets a hosts CD4'T cells which
results the gradual depletion of CD4*T cells pool>. Due
to this, host’s immune system becomes weak and leads to
AIDS, which is the most advanced stage of HIV infection.

Mathematical model have played an important role in the
study of epidemic. Different within-host HIV pathogenesis

*Author for correspondence

models have developed by the researchers to qualitatively
investigate the dynamics of CD4*T cells and viruses*' It is
believed that CD4*T cells are produced at a constant rate from
precursors in bone marrow and thymus. With this assumption,
there are many mathematical models in the literature
describing the interaction between three populations:
Uninfected CD4'T cells, infected CD4'T and virus'®'2.
However, the fact is that the T-cells start dividing when
stimulated by antigen or mitogen. The understanding of T
cells proliferation is still under investigation. As the
multiplication rate of T cells is density-dependent so T cell
increases with decrease of multiplication rate'*'*. Based on

these, a simplified logistic term rT(lfTL

max

is used in
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different literatures”®'!”. Since in presence of HIV, there
are two types of T-cells: Uninfected and infected T cells,
therefore total T cell concentration is given by T+T*.
Perelson et al.,” mentioned that it is reasonable to use full

logistic term rT(l—T;T’}, but ignored this arguing that

max

proportion of infected cell is very small. Later, this full

logistic term rT[lfT;T ] is used by many researchers in

max

their study>'**. In all of these literatures, they have only
considered the proliferation of uninfected CD4*T cells.
Also, in these logistic terms, T represents the concentration
of uninfected CD4*T cells, T* represents the concentration
of infected CD4'T cells, the multiplying rate and the
maximum carrying capacity of T cells are r and T,
respectively.

Rong et al.,* modified basic HIV model by including
eclipse phase, a class of infected cells which are not yet
producing virus and also considered that cells in this phase
revert to uninfected class at constant rate. Srivastava and
Chandra' mentioned that when a virus enters a resting
CD4*T cell, viral RNA may not be completely reverse
transcribed into DNA?'. Reverse transcription can be
completed if the cell is activated shortly after infection.
But, with time the un-integrated virus which harbour
in the resting cell may decay and partial DNA copies
are labile and damage quickly*. As a result, an amount
of resting infected cells reverts to the uninfected class®.
With this basis, Srivastava and Chandra'’ first considered
a simplified model similar to basic model, to account for
the observation that a fraction of infected cells revert back
to uninfected class as the reverse transcription may not be
completed in the eclipse phase for all infected cells''.

In the view of significance of proliferation of
T-cells and cure rate of infected T-cells, in this paper,
a mathematical model for HIV infection which
incorporates full-logistic growth term of uninfected T
cells and recovery rate of infected T cells is studied. In
the next section, we discuss some preliminaries which
are required for stability analysis of the equilibrium
points. In Sections 3 and 4, we discuss the model and
positive invariance, boundedness, equilibrium points
of the model. Sections 5 and 6 include local and global
behaviour analysis of both the stationary points. In
Section 7, we have carried out numerical simulations
to verify our results. Finally in Section 8, we have given
conclusion of the whole study.
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2. Preliminaries

In this section, we will discuss some preliminaries which
are used in the later part of this paper.

Result 1

#Consider the characteristic equation:

|AI-A|=2"+b A" +...+b,_A+b,=0

determining the n eigen values A of the real n x n
matrix A. Then all the eigen values \ have negative parts if

A >0,A, >0,A,>0,...,A >0

where
bb 1 0 0
b, b, b, 0
A, =| b, b, b, b, b,
b2k71 b2k72 b2k73 b2k74 b2k75 b2k76 bk

The above result is well known as Routh-Hurwitz
theorem which is used to check the local behaviours at
each stationary points of our model.

The Global behaviour of the diseased stationary point
in terms of parameter r is discussed using the Li and
Muldowney criterion™. This global stability criterion is
discussed below:

Let, © be an open set in R”, fi?C‘EOHf(x)GRVl
be a C' function. Consider, x(¢f) be a solution to the
differential equation

¥=1) )

which is uniquely determined by its initial value
x(O) =x,. Here x(t,xo) is the solution of (1).

For the system (1), a set H is called an absorbing in
O if for sufficiently large t,x(t,Hl)c H, for each
compact set H, cO.

Then Li and Muldowney* considered the following
assumptions:

(i) There is a unique equilibrium point X of the system in
0.
(ii) There exists a compact absorbing set H c O.

For any n x n matrix M, second additive compound
matrix is a [Z]x Z] matrix which is denoted by M. For
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a 3 x 3 matrix M = (mij), its second additive compound
matrix is given by:

m, +m,, My My
[2] _
M = ms, m, + My, mp,
-m m m,, +m

31 21 22 33

For a complete discussion of compound matrix and its
application in differential equations, see*>*".

For a square matrix M, the Lozinskii measure” with
respect to the induced norm |.| is defined as:

,u(M):lim%

h—0

n n
For xe€O, consider Q:xl—)Q(x) be a [2}[2)

matrix-valued function that is C' and Q'(x) exists, also
. . v IxI
consider u be the Lozinskii measure on R, where

n —
I= [ZJ . Define a quantity ¢q, as

—_— t

g, =limsupsup, _, [ (M(x(s.x,)))ds

0

where
M=QQ"'+QQ"

Here, the matrix Qf is directional derivative in the
direction of f. Again, J' represents the second additive
compound matrix of ] which is the Jacobian matrix of the
system (1). The following result is established by Li and
Muldowney™.

Result 2

*Let O be simply connected domain and the above
conditions (i) and (if) satisfy for the system (1). If a
function Q(x) and a Lozinskii measure u exists for which
q, <0, then the unique equilibrium point x will be
globally asymptotically stable in O .

3. The model

In model (2) we consider three compartments:
Uninfected CD4*T cell T(t), infected CD4'T cell
T*(t) and the virus population V(#). With these three
populations, Wang and Li* discussed an HIV infection
model with full logistic growth of healthy T cells. They
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studied local and global behaviors of existing stationary
points. Similarly, Srivastava and Chandra'® discussed a
primary infection model with cure rate which means a
fraction of infected cells revert back to uninfected class.
Motivated by these works, we consider a model with
both of the full logistic growth term and cure rate, which
is given by the following system of ordinary differential
equations:

d—T=s+rT 1—T+T
dt T

max

]—kVT—aTerT*,

ar’ .
—=kVT-(f+D)T,
dt 2)

dv .
L NBT —yV.
o BT —y

In this model, parameter s represents the inflow rate
of healthy CD4T cells and a is the natural turnover rate
of uninfected CD4*T cells. k > 0 is the infection rate of
uninfected CD4'T cells and thus the mass-action term
kVT describes the incidence of infection of uninfected
CD4'T cells. In model (2), we considered that healthy
CD4*T cells can also be created by proliferation and this

proliferation is described by the term rT(l— TT+T J

max

Proliferation of infected CD4*T is not considered in this
study. In the second equation, 3 is the natural turnover
rate of infected CD4'T cells and b denotes the returning
rate of infected CD4'T cells to the uninfected class. We
consider « < f3 because of virus burden on the infected
cells. N represents the average number of virus particles
produced by an infected cell during its life time and y is
the natural turnover rate of virus particles.

4 Positively Invariance,
Boundedness and Equilibrium
Points of the Model

The dynamics of healthy CD4*T cells, for the infection-
free state are administrated by the equation,

d—T:s—i-rT I—L -aTl
dt T, .
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From this, it can be shown that the T cell concentrations
stabilizes at a level T, which is given by,

T { 2 4sr
T, =" (r—a)+ (r—a) +—}
2r T 3)

max

We consider the exact solutions T(¢), T*(¢t) and V(¢)
of the model (2) have initial values T(0) = 0, T*(0) > 0
and V(0) = 0. For a biologically feasible model, we need to
show that exact solutions are positive for ¢ > 0.

If not, we assume that there is a contradiction: we have
a first ¢, such that

T(t,)=0,1"(t,)<0,T"(0)=0,V(0)>0,0<t <t,

there exists a first ¢, such that

T'(t,)=0,T" (t,)<0,T(0)=0,V(0)>0,0<t<t,

and there exists a first ¢, such that

V(t,)=0,V'(t,)<0,T(0)20,T"(0)20,0 <t <t,

Applying the first case in the first equation of model
(2), we get

T'(t,)=s+bT (£,)>0

which is a contradiction to the first case. Thus, T(t) = 0
for all ¢ > 0. Now applying the second case in the second
equation of model (2), we get

T"(t,)=kV(t,)T(t,)=0

which is again a contradiction to second case. Thus, T*(¢)
> 0 for all £ > 0. In the same way, it can be shown that V(¢)
>0forallt>0.

Thus, for these initial values the exact solutions T(t),
T*(t) and V(¢) lie in the non-negative octant for ¢ > 0.

Therefore it is clear that, the non-negative octant
R ={(T.TV):T() 20,1 (t)20,V(£)20} is positively
invariant with respect to the model (2). Also, we can find
a bounded region which will be also positively invariant
with respect to the model (2). We add the first two
equations of our model (2) to get

T'+T =s+rT[1— TT+T

max

J—aT—ﬁT‘ (4)

Since, T(¢t) < T, if T(0) < 7, and a < f, equation
(4) implies
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T'+T" <s+rT,—a(T+T")

s+7rT,

s+rT, 0

L4+ Ce™ > ast > oo

a a

Therefore, T +T <

. Here C is a constant. Thus, T + T* is bounded which
indicates boundedness of T* (say bounded by M). As T*
bounded so from the third equation of system (2) we have
V is also bounded (say by K). Hence we have a set

$={(1.1".V)eR :T<T, T <M,V <K|

which is positively invariant w.r.t. the model (2).
Using next generation matrix method***, we have
calculated the basic reproduction number (R) of our

model (2) which is ROZ;/k(IZfE)

number indicates the number of newly infected CD4*T

. Basic reproduction

cells that arise from any one infected cell when almost all
cells are uninfected''.

4.1 Proposition 1

If R, < 1 there exists only one equilibrium point which
is infection-free equilibrium point E, = (To, 0, 0) in
¢ and if R > 1, there exits two equilibrium point in ¢:
infection-free equilibrium point E  and a unique infected
equilibrium point E" = (T,F,V) eint(¢), the interior of
¢, where

57
rfl+—| 7
sp2+(r—a)(1+%jpy—¢

T:('B+b)7, F:LV, Vo T
Nk NB r}/(l—t—kj
kysp+ AT p
where p = kN.

The model discussed 125 has the following infected
equilibrium point for R, = N .
1 /4

,
~ o 5p2+(r—a)p7/—TL
T:ﬁ, T‘:NLV, V= mas
B k]/[p+ ry j
ﬂTmﬂX

Similarly, without considering full logistic growth

term, the model discussed in' has the following infected
i1 . N Sks
equilibrium point for R, =————>1

ya(b+p)
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) 7 o) o
Npk B Npk Y
Thus, comparing the infected equilibrium points
of model (2) and the model in'’, it is observed that full
logistic growth terms does not affect the healthy cell count
(T) while affects infected cell (7" count and the viral
load (V). Similarly, comparing the model (2) with model
in’ it is observed that healthy and infected CD4*T cells
count along with viral load are affected by the transfer of
a proportion of infected T cells to uninfected class.

5 Stability of the Infection-free
Equilibrium Point

From the proposition 1, it is clear that if R < 1, there exits
only infection free equilibrium point E. In this section,
we discuss the stability of the infection free equilibrium
point E in terms of basic reproduction number R .

The Jacobian matrix J(E)) of the model (2) at
infection-free equilibrium point E, is given by:

I T T T )
—a+r(1—T° j—r" ~Tyb kT,

max Tmax mec ’
J(E,)= 0 -p-b KT,
0 Np -y

The characteristic equation of J(E ) is given by:

(l—al)(ﬂz +a22+a3)=0

where

T, T
a, =—a+r[1—T° j—;o,az =pB+y+banda, =(B+b)y —NpKT,

Therefore, one eigen value of the Jacobian matrix J(E,) is:

T, ) T T
—atr|1-— |- e o5 T o
T T

T T

max max max

It is clear that, a,>0. Therefore, using Routh-Hurwitz
criterion the point E_ is locally asymptotically stable if
a,>0.

- 202 | Vol 12 (4) | 2020 | www.informaticsjournals.org/index.php/ajprhc

NJKT,
(B+b)y

u3:(ﬂ+h)y—NﬂkTO:(ﬂ+b)y{1— }:(/Hb)y(l—Ro) (5)

From equation (5), if R < 1 then the stationary point
E, shows locally asymptotically stable behaviour. For R
= 1, we have local stability at E as one eigen value is zero
and E is unstable for R > 1.

Now, we will check the global stability of the
infection-free equilibrium point E, using Lyapunov’s
second method.

Define the Lyapunov function for the model (2):

_ Np .
L_(ﬂ+b)T +V (6)

Calculating derivative of L:

dL _ Np dT v

— = —t— (7)
dt  (B+b) dt dt

With the help of second and third equations of the

model, we get:
N KT,
1,5V -1;=Vy(R,~-1
} 7{(/3”’)7 } A

dL [ NpkT
dt _Vy{(ﬁ+b)7

From Equation (8), we have @SO if R; < 1. Also
%:0 only in two cases: case 1: R, = 1 and T = T, case 2:

= L
V=0 Let the set of solutions where % =0 is denoted by S

then Lyapunov-Lasalle theorem' suggests that all
trajectories of the model (2) in the region ¢ go towards
the positively invariant subset of S. On the boundary of ¢,
where virus is not present we have:

T :O,d—T:s+rT 1—L —dT
dt T

max

Therefore, T—T, when t—oo. Thus, all solutions in ¢
move towards E, when R < 1.

When R > 1, it is observed from the Jacobian matrix
J(E,) that one eigen value is positive. Therefore, infection-
free equilibrium point E_ is unstable when R > 1.

Therefore, we can conclude that if R,<1 the equilibrium
point which is infection-free is also globally asymptotically
stable otherwise it is going to be unstable.
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6 Stability of the Infected
Equilibrium Point

Proposition 1 states that if R, > 1, there exits two
equilibrium points infection-free and infected equilibrium
point. Here, we discuss the stability behaviour of infected
equilibrium point E*.

The Jacobian matrix J(E*) at E* is given by:

-a —i+b —kT
J(E9)=|kV -B-b kT
0 Npj -y
where _ ( T+T*] T - s T bT
a=r — |1- + +KV=—=+ +——>0.
Tmax max T Tmax T

Now for the Jacobian matrix J(E*) the characteristic
polynomial is as follows:

PA)=A*+ AA>+BA+C
where A=a+pB+b+y

:E(,B+b+;/)+(,B+b)y—N,BkT—k\7(—;—T+bJ

max

(s T byT  kVIr
_(T+T J(,B+b+ )+ B

max max

:E(ﬁ+b)y—ENﬂkT—[—;—T+bjkV;/JrszVNﬂ

max

T ), =
=| f+— |kV
(ﬂ ij Y
It is clear that A > 0, B > 0 and C > 0. Therefore by
Routh-Hurwitz criterion the infected equilibrium point

E* whenever exits is locally asymptotically stable if the
inequality AB - C > 0 is satisfied.

AB—-C=(a+b+p+y) ( max

T,
kV
Tmax ] }/
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= s T b;/T kVTr
_(a+h+7){(T+T j(b+ﬂ+y) =T }

max max

+,8{?+T—_](b+ﬁ)+ﬁy(i+

max

T ), poyT"  BRVTr
T T

max

T

max

BTy — rTkVy

max

=(a+b){(—+T—_J(b+ﬁ+7) byTT kTVTr}

max max

+y{[;+%)(b+ﬂ+y)+by%}
s T ,Bb;/T
e T

bﬂ

9)

max

BkVTr s T
+ +By| =+——kV
T Py T T

max

max

Using first equation of the model (2):

*

i—k?za—r+r{T+T J—£ (10)

T T

max

Using (10) in (9), we get:

max max

+7{[T+TJ(b+ﬂ+;/) bTT*}+ﬁ[;+YZXJ(b+ﬂ)

WLiZLP { _r+r[2T+T ]}
TmlLX mec
Thus, AB—C >0 if ar—r +7r| 20— |0,

max

byT" kVTr}

AB—C:(a+b){(T+TJ(b+ﬂ+ J+ e

Therefore, the infected equilibrium point £ =(7.7".7)

is locally asymptotically stable for the model (2) if

R,>1and — —
2T +T
a-r+r| ——— |20

max

From the local stability analysis of infected equilibrium
point E’, we can observe that the recovery or cure rate of
infected T cells to uninfected T-cells b does not affect the
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global stability of E* but global stability of E* is dependent
on proliferation rate r. Therefore we will check the global
stability of the infected equilibrium point in terms of
parameter r and we will find a range of r where infected
equilibrium point is globally asymptotically stable.

We know that if the T-cell population reaches T
it should decrease. Therefore we have a constraint s <
ochax3. Also, due to viral burden on infected T-cells we
have a < f8. Therefore, s < ST, We have considered p €
(0, 1) such that:

s<ppT__ (11)

Now, we add the first two equations of model (2) to
get:

T+T"

(T+T*)'=s+rT[1— j—aT—ﬂT*Zs—,B(T+T*).

max

Solving the differential inequality we get:

T(1)+T" (1) 2%+Cle/”

Here, C, is arbitrary constant. Using initial value
conditions, we have

T(t)+T" (1) 2%+[T(O)+T*(O)—%}eﬂ’ z%,

for any p € (0, 1) and sufficiently large t. Therefore we
have the following result which will be used in finding
global stability criteria for infected equilibrium point:

Result 3
Let p € (0, 1) be as in (11) and then there exists t>0

such that all solutions in the compact absorbing set H to
(2) satisfy:

T(t)+T*(t)Z%,tZt_ (12)

From the definition of ¢ it is clear that interior of ¢ is
simply connected and also from proposition 1, if R > 1
we have the unique equilibrium point E* in int(¢). Also
global stability behaviour at E implies that there exists an
absorbing compact set H c ¢ for model (2). Therefore,
assumptions (i) and (i) of the result 2 are satisfied for
model (2).
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For a general solution (T(t), T*(¢), V(t)) the associated
Jacobian matrix J of the model (2) is:

—-a —i+b —kT
J=\kV —-p-b kT
0 Np -y
where a=a—r[1—T+T J+£+kV.

The matrix J® related to the Jacobian matrix J is below:

—(a+pB+b) kT kT
A=l Ng (avy) b
0 kV —(B+b+7)

Consider, the function:
) T T
=0\T,T ,V)=diagil,—,— .
0=0( ) g{ ; V}

Let, f denote the vector field on the model, then:

Q/'Q_l = dlag{oa 7]:* _KvT_*_K}

Now, M =0,0™"' +0JV 0"

_ y y i}
—(a+p+b kT —; kT —;
T ™ v rT
=| NB— ———g- ——+b
Py oy T
™ v
0 kV B -b-—
i oy Prher
_|:M11 M12:|
M21 M22
where
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T v rT
————a-y —-——+b
T v T .
M, = I
kV ———p-b-
r v d 4

. 3 .
Let, (u, v, w) be a vector in R’, consider a norm
u, v, w| = max {|u|, |v| + |w|} and let y be the
corresponding Lozinskii measure. Then we have,

p(M)<max{g,g,| (13)

. 3
II’IR as

where g =u (M) + |[M | and g, = M, | + u, (M,,). Here,
Lozinskil measure w.r.t. [ norm is y and matrix norms

w.r.t. the [ vector norm are |M |, |M,,|.
Thus, V r
lul(Mll): M12|:kT_*9M21|:N:3_
T 14
and y (M,,) can be calculated as follows,
™ v ™ v
T TV
Hy (Mzz ) = max
rT
-f-b—y+|———+b
™ v rT
TV T,.
™ v rT
=———-—y+tmaxy—2Z,-f+—
T V 7 { ﬂ max}
where
T+T" T
Z=a—kV=a—r[l— j =
max Tmax
>a-r|1--L2 | t>7 (14)
ﬂTmax
From the model (2), we get:
" _kvr V’ _NpT"
T v

Substituting these values in the expressions of g and
g, e get:

Vol 12 (4) | 2020 | www.informaticsjournals.org/index.php/ajprhc

voT T
gl = Pl * T* _Z (15)
T v rT
<N Z,
P v TV { A m}
T i Ty (16)
T* , Tmax

Therefore, from (13), (15), (16), for sufficiently large
t, we have:

T
u(M) <=

where nzmin{a—r(l—ﬂ max] ,B—Tmax}

Let, f be sufficiently large such that (T(¢), T*(¢), V(t)) e H
for all #>1¢ and (T(¢), T*(t), V() is a solution which
originate in the absorbing compact set H — ¢ and satisfies
(12). Then along each solution (T(t), T*(t), V(¢t)) for
which (T(0), T*(0), V(0)) € Hand ¢ > , we have:

1f ¢ (1) ¢-7
;Io M)ds <~ j M)ds+- 1 W

Consequently,

1 t
q2 = limsupsupxer ;J‘O ﬂ(M(x(S:xo)))dS S _%<O.

Thus, by Li and Muldowny” infected equilibrium
point if exits is globally asymptotically stable if
, { APT Pl :
r<mind —r—ma_ I__max L Also in absence of HIV
Tw=ps T
infection, T cell concentration stabilizes at T,. Therefore,
a cannot be greater than r. Hence, a range of parameter r
where the infected equilibrium point E* is globally
asymptotically stable is:

aSr<mM{
ﬂ max I-;)

aﬂTm ﬂTm}

Thus, the infected equilibrium point E° whenever
exits is asymptotically stable in interior of ¢ if r satisfies:

P12 < gand 0 <ﬂ
ﬂTm(LX Tmax
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where 0 < p < 1and satisfies (11). Also arange of parameter
r in which E’ is globally asymptotically stable is:

afl,,. BT, }
ﬂ Tmax - p s ' 7;)

aSr<mm{

7. Numerical Simulation

In this section, we further investigate the dynamical
behaviour of our model (2) using numerical simulation.
Also verification of the already analysed analytic results
will be done using numerical simulation. We have used
MATLAB for these simulation works. For simulation,
we will use the parameters which are also used in'.
Specifically, s = 10mm= day™, k = 0.000024mm™=> day’,
a=0.01day™", b=0.2day™", f = 0.16day™", y = 3.4day™" and
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Uninfected CD4" T cells
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100 9 > a
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N =1000. Consider, T _the shut-off level of T-cells in the
body as 1500mm~*’. To study the dynamical behaviour
and verify the analytic results of the model, we use the
parameters in the range which was found realistic with
initial values I = (1000,0,0.001).

o For parameter values s = 2.9mm>day™, r = 0.001, k
= 0.000024mm™> day™, « = 0.01day™', b = 0.2day™",
= 0.16day™", y = 3.4day™", T, .= 1500 and N = 1000,
we get basic reproduction number R, = 0.98785 < 1.
Thus, analytic result of stability states that disease will
die out. Figure 1(a)-(c) demonstrate the behaviours
of different compartments of the model (2). Also,
Figure 1(d) confirmed the global stability of the
infection-free equilibrium E (314.878, 0, 0) for these
parameter values.
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Figure 1:  Global dynamics of E (314.878,0,0) for initial value (1000, 0, 0.001).
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 For parameter values

s=29mm > day”",r =0.02,k = 0.000024 mm">
day™, a=0.01day™, b=02day™",f=0.16
day™,y =3.4day™", T _=1500

>~ max
and N = 1000, we get basic reproduction number R =
3.05392 > 1. Thus, proposition 1 states that infected
equilibrium will exist. Figure 2(a)-(c) demonstrate the
behaviours of different compartments of the model (2) in
presence of virus. Also, Figure 2(d) confirmed the global
stability of the infected equilibrium E*(318.75, 28.8147,
1355.99) for these parameter values.

From the earlier discussion, it is clear that stability
of the infected equilibrium point is dependent on the
parameter 7. Global stability result for infected equilibrium
point provides a range of r where infected equilibrium is

globally asymptotically stable. But from the discussion
in’, it is observed that E" is globally asymptotically stable
for small and large r and periodic solution exists for
intermediate value of .

For this model (2), if we consider the parameter values
as considered in’. Specifically, s = 0.1mm>day™', k =
0.0027mm>day™, « = 0.02day ™, f = 0.3day™', y = 2.4day!,
T . = 1500, N = 10. Without considering recovery or
cure rate in’, they carried out numerical simulations for
r=0.05, r = 0.8 and r = 3 and found global stability of
infected equilibrium point for r = 0.05 and r = 3 whereas
forr = 0.8 they found stable periodic solution. Now, if we
consider recovery or cure rate b = 0.002 then it is observed
that the model (2) also has periodic solution (Figure 3).
But, if we consider, b = 0.2 keeping all other parameters
same, then the infection will be stale and the infected
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Figure 2: Global dynamics of E*(318.75, 28.8147, 1355.99) for initial value (1000, 0, 0.001).
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equilibrium point E* will become globally asymptotically
stable without any periodic solution (Figure 4). Therefore,
recovery or cure rate affects the range of r where infected
equilibrium point E" is unstable.

Also, from simulation in’, they observed that if the
infected equilibrium point E* is stable and the solutions
converge to equilibrium point as damped oscillation and
they found that damping factor and viral load at chronic
stage depend on full logistic growth rate r. Here, we find
that damping factor and viral load is also dependent
on cure rate b. When r = 0.05, b = 0.002 the damping
oscillation is visible up to 5000 days (Figure 5) but for
r=0.05, b =0.2 the damping oscillation disappear after 500
days (Figure 6). Also, the viral load when r=0.05, b= 0.002
persists at 10.3865mm* (Figure 5) while it is 15.6296mm >
for r = 0.05, b = 0.2 (Figure 6).

8. Conclusion

In this paper, we have studied a differential equation
in-host HIV model with full-logistic growth term

rT(l—T+T

%

max

] for the growth of healthy T-cells and

recovery or cure rate for infected T-cells. This assumes
that the growth of healthy T-cells slows down during the
course of infection and a portion of infected cells revert
back to uninfected class. In the study, the basic
reproduction number (R) is found to be threshold
parameter. It is found that if R < 1, the infection-free
equilibrium point is globally stable otherwise unstable.
Biologically, disease dies out if R <1 Also, if R/>1,a
unique infected equilibrium E* exists. During numerical
simulation, it is observed that E* can be unstable for some
values of r.
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Figure 3: A periodic solution is shown when r = 0.8, b = 0.002.
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Figure 4: 'The periodic solution shown in Figure 3 does not exist for r = 0.8, b = 0.2.
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Figure 5: For r = 0.05, b = 0.002 infected equilibrium is globally stable with damping oscillations.
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Figure 6: For r=0.05, b = 0.2 infected equilibrium is globally stable with damping oscillations.

Comparing the model (2) and the model which
was discussed in Srivastava and Chandra'® without
considering proliferation of healthy T-cells; it is observed
that inclusion of full-logistic growth term in model (2)
leads to periodic solution for some range of parameter r.
Though consideration of full logistic growth term makes
the model more realistic but such oscillations are not
observed in clinical data on HIV patients. Therefore, it is
clear that the model (2) will be relevant if we find a range
for r for which no such oscillations exists. Therefore,
we have find a range of r where E" is globally stable to
make the model (2) biologically significant. Actually,
in a model like (2), we ignore many features associated
with HIV infection due to which we get such oscillations.
Therefore, with the parameter range of r, the model (2) is
more realistic and biologically significant as compared to
the model in*’.

Now, comparing the model (2) and the model which
was discussed in Wang and Li’ without considering cure
rate, the basic reproduction number for model in’,

kNT,

RO1 =——"" Obviously, basic reproduction number of

model (2), R < R . Thus it is observed that although the
threshold behaviour and dynamical behaviour of model
(2) is similar to that of model in°, but in our model (2) we
get lesser basic reproduction number as compared to
model in®. This indicates that infection speed in model (2)
with cure rate is slower than the model in’ and we can
comment that HIV can be controlled by increasing cure
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rate. Therefore, model (2) is more relevant as compared to
the model discussed in Wang and Li".

Thus, from this study we have obtained a biologically
feasible model (2) for HIV dynamics in human body
in which we have incorporated full logistic term for
proliferation of uninfected T cells and cure rate to obtain
better results. Stability analysis of the model implies that
if any treatment policy can lower the basic reproduction
number less than or equal to one then HIV will be cleared
out. From the expression of basic reproduction number,
it is clear that it depends on different parameters of the
model. Therefore, to control HIV infection, we can apply
a treatment policy which can control the parameters to
lower the basic reproduction number less than or equal
to one. Also, there are different factors like inter-cellular
delays, modes of transmissions etc. understanding of
which will help to propose new treatment policy to
control HIV infection. Better understanding of the effects
of different factors on the dynamics of a more realistic
model helps in applying optimal control strategy to
maximize uninfected T cell population by blocking the
infection new T cells by using minimum drug therapies.
It is our future work to study the effect of different delays
and treatment therapies to control HIV infection in
human body.
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