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This article addresses the robust analysis on a delayed
system with uncertainties. A geometric sequence divi-
sion (GSD) method is applied for delay partition.
Then, a GSD-dependent Lyapunov—Krasovskii func-
tional (LKF) is newly proposed, in which the integral
interval relevant with the state variables forms in
geometric progression. In addition, by applying the
convex combination method, parameter uncertainties
and the delay derivative d(¢) can thus be flexibly
overcome. As a result, unnecessary enlargement for
estimating the LKF derivative is eliminated. Numeri-
cal example shows that this proposed work achieves
expected results.

Keywords: Convex combination, delay partition, geo-
metric sequence, parameter uncertainties.

IN the real world, delay is inevitably experienced in
dynamic systems, such as chemical reaction processes,
biological systems, mechanical systems, etc. The exis-
tence of delay can often yield poor performance or even
instability'. Therefore, how to overcome the negative in-
fluence of delays has attracted vast attention in recent
academic research. Meanwhile, stability is considered as
the priority in many applications, a lot of research has
been done on stability analysis for various types of de-
layed processes in recent decades”. Generally, stability
conditions of delayed systems are categorized as delay-
independent and delay-dependent ones. Less conservative
results can be obtained using delay-dependent conditions
in case of a relatively small delay or interval time-varying
delay.

For stability analysis, the essential issue for a system
with delay is to obtain maximum delay upper bound that
guarantees the studied system to be asymptotically stable.
For obtaining a higher delay upper bound, various forms
of Lyapunov—Krasovskii functional (LKF) are con-
structed, such as discretized LKF, augmented LKF and
delay-partitioning LKF®'°. In fact, expected stability
results will be achieved if well-developed inequalities are
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employed for estimating LKF derivative. Therefore,
estimation of LKF derivative alternatively for reducing
conservatism is another considerable option. Three tech-
niques are commonly applied: Jensen-inequality''™"*, free
weight matrix methods'*"’, convex optimization method
including their combinations'®?'. The well known Jen-
sen-inequality and its modification are proposed in refs
18 and 19. However, as a result of handling LKF
derivative, some terms are neglected. So, it leads to con-
servative conditions because of the estimation. How to
avoid unnecessary conservatism in the estimation of LKF
derivative is still a challenge.

In addition, uncertain dynamic behaviours commonly
exist in practical implementation due to modelling errors,
immeasurable issues and perturbations, which could
degrade the performance of system or even cause system
instability’>*. The analysis of uncertainties is another hot
topic for studying dynamic systems***’. However, reduc-
ing conservatism in such systems is normally accompa-
nied with extra computational complexity’®. How to
compromise conservative reduction and computation
burden is also full of challenges.

In this article, stability analysis on an uncertain system
is studied. Delay-dependent criteria are derived to ensure
that the linear system is globally asymptotically stable
under the maximum upper bound. Comparing with exist-
ing results, the main outcome would be as follows:

(1) The recently developed geometric sequence divi-
sion (GSD) method is first applied on time-varying delay
in a linear system. Using this method, a new modified
LKF is constructed, which contains new GSD-dependent
integral forms with unfixed intervals. This approach can
dramatically reduce the number of decision variables.
This new development can provide expected stability
conditions with high efficiency and less computational
complexity.

(2) Convex combination method is introduced to repre-
sent the parameter uncertainties and solve the delay
derivative. This estimation approach can handle the LKF
derivative without using extra inequalities or constraint
conditions. Thus, unnecessary enlargement can be elimi-
nated.
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(3) Using convex combination and GSD methods, the
stability criteria on robust analysis for delay linear system
are improved remarkably.

Notations: R" is the Euclidean space with n-
dimensional. P> (2)0 indicates positive (semi-positive)
definite matrix P - [,(0,) is the n-dimension identity
(zero) matrix; He(4d)=A + 4".

Preliminaries

A nominal system is given as
x () = A@x (1) + Aa()x(t — d(1)),

x(1) = Ko),

where x(f) € R" is state vector, A(¢), A4(¢) are the real ma-
trices with appropriate dimensions, d(f) is time-varying
delay, ¢(¢) € C ([~dy, 0], R") is the initial function.

For any ¢ > 0, the time-varying delay d(¢) is described
as two categories:

>0,

t € [~dy, 0], (D

Case 1: d(t) — a differentiable function satisfying.
0<dy<d(t)<dy, 1 < d (t) < 1. ()
Case 2: d(f) — a continuous function satisfying.
0 <dy <d(t) < dy, (€)

where dy, dy, 1, t are constants.

Considering that uncertainties exist in the system, para-
meters are represented as J,(f), (v=1, 2), and Ji(¢) =
A(t), J(t)=A«t), which are not exactly known and
might be taken from an interval J.¢) € [J,1, J2]- Then
the parameters with uncertainties satisfy

2
T =TT + L) T2 = 3 Ty(1)T 0 (4)

o=1

with any constant I1,(¢) > 0, I1,(¢) > 0 satisfying IT(¢) +
() =1.
Some lemmas are employed as follows:

Lemma 1 (ref. 19). Considering any matrix R >0, and a
continuously differentiable function z: [o, a'] = R", the
next inequality holds

—(a* —a‘)aj T (s)Rz(s)ds < T (1)O € (v), (5)
where
a’ T
e(t) = zT(aJ')zT(a_)ﬁJzT(s)ds
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and
—4R 2R 6R
O=| * —-4R 6N
* *  —12R

Lemma 2 (ref. 29). Let z: [o, a'] = R" be a differenti-
able function, Z € R and J;, J5 € R*" be symmetric
matrices, and J, € R S|, S, € R*" satisfying this
condition,

T Ty S

* T, & |z20

* * Z
it holds

- j 2T () Z 2(s)ds <¢'Tg, (6)
where

+ _
a —o o

N T
g=[zT(a+>zT(a‘) L zT(s)ds],

N=(a" —a‘)(j] +%j3j+He(Sll9] +5,9,),

9 =8 -8, 9 =28-8-&, &=[ 0 0],
&, =[010],&=[00I].

Lemma 3 (ref. 30). For any vectors fi, ..., fn, scalar
%@ €0, 11, XN, 7,(t)=1, and matrices I >0, there
exists matrix Sy(i=1, ..., N-1,j=i+1, ..., N) satisfies

i Sy >0,
* éRj

then the next inequality holds:

T

v AR Siv || S
_Z_ﬁT%ifig— : * . Do
=70 Al = wylls

2 N N

Lemma 4 (ref. 31). For a symmetric positive matrix
R eR™ and differentiable function z: [a, o'] — R"™,
then the next double integral inequality holds
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]

[ # @easao <" 0ano, M
c 0

]

where

-
— z7 (s)dsd@
(a+_a ) a 0
and
—6R —-6N 24N
Q= * —18R 48R
* *  —144%R

Lemma 5 (ref. 32). Let £ R", ®=d" ¢ R and
B € R™ with rank(B) <n. The next statements are
equivalent:

(i) EFDE<0,VBE=0, E#0;

(i) BoBL<o;
(iii) 3D e R"™:® + He(DB) < 0.
where

BT e RUUTK®) o the right orthogonal complement of
B.

Stability analysis

A GSD based delay partition method is employed in Fig-
ure 1.

For any integral N > 1, the interval [d), dy] is separated
into N subintervals as

pjzii
i 8
di=d0+21a, i=1,.. ®

a=1

aNa

where 4 is a real positive number, and p; is the length of
the ith subinterval that is equal to A'. It is obtained as

Vs 22 N
K_H (—%
i |

| |
Ido P ldl P Hz a/v] P cllN

Figure 1. GSD delay partition method.
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[do, dv] = UkN:] [,. There exists an integer k € {1, ..., N}
v >0, s.t. d(f) € [.

e. =

{on,...,on ,1,,0,,..,0, T o RUN+S e
j () [ —— s

-l 4N—-j+5
j=1,...,4N+5. 9
The augmented vector is defined as
X' (@), x"(t=dy), @) (0, FT (@), 2" (t=d (D)),
(1) = h :

o1, | X" (5)ds, o] (1), @} (0)
t—d(t)

(10)

where

o (O =[x"(t—=d)),..x" (t—dy)",

r T
t t
00 =| [ x"()ds,.., [ xT(s)ds |,
_t_d! t_d'v
t—d, 1 t—d, r
ps(0)=| — [ ¥ ()ds,..— [ 2" (s)ds|
11-q, N t-d,
B 1 _dnt_dn
P4(t) = xT (s)dsd,...,
_('Dl)2 —d, t:L
T
1 _d'v—l t_d'v—l

T(s)dsd@
TR R

Theorem 1. Given an integer N> 0, and p; = A'. Con-
sider delay d(t) satisfying Case 1. The system (1) is as-
ymptotically stable if there exists symmetric positive
definite matrices ki, f(’l-, P, P, Zl- eR™ (i=1,...,N),
BeR™ (i=1,..,k, U eR™ (i=k ...,N), Be

HIR(NJrZ)nx(NJrZ)n

. symmetric matrices T, J5 € R*"", matri-
ces JeR"™" S, S eR™ JeR™, and Ge
RS g such that the next LMIs hold

NV/ERVESR
7, 8 |20,i=1,...N, (11)
* * ]}i

2 2 2

D, D, 0, (0D 0,(D)(Ey, +He(G3)) <0,

o=1 $1,=1 ’ s=1
k=1,...N, (12)
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where

~ T T T
3, =A(t)e; +A;(H)en s —€niz

- - - _ _ T
Egs, =21 T 205 H B3, T B4 +Es tey33ey,3
- T _T T -
€ eN+3
T T T
eN+s ¢ —&
E,=Heq| B :
T T T
€N+4 € —€ni2
T T T
Lenss | La —(=Hyeyy |

[1]

N
_ T T AT
25 = Z(empiem —¢ohe,,) + ¢ Pe
i=1

—(1—u, )eN+4P617\}+4

k-1
_ _ 5T 5T = T
Bakss, = 2. (G abe, —enbe,) e beg,
i=l1
—(1-pu ey, aBel ,+(1—pu ey, U e
Hg Jen4lh€N 14 Hg )eniaYilnia
~ T u ~ T ~ T
=€ Urerin + Z (enUi€n —e0Uer,)
i=k+1
T —
T T
€ €
N T T
Sk = Z €2 A, €2
i=1
1 r 1 r
T CN+4+i T CN+44i
i L4
r 17 [ 1 T T
N €l €l €1 €+l
T T T T
+ Z €2 Ay € || ensa |As] ey
i=l,i#k T T T T
ON+5+i ON+5+i €2 €2
T T
e e
N i+1 i+1
- _ T Al
=5 = ON+5+i 24| CN+5+i
i=1| T
GIN+5+i GIN+5+i
with
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N i 2
+% (d} _dg)Z] +Z [do +ZA'IJ
i—2

a=1

1
A, =d? (j] +§j3j+ d;He(§9 +S5,%,),

4R 2R 6R,

1 1

Ay=| * 4R 6R,

1 1 s

* *  _12R,
_iek —IA?,( +J -J
Ay=|* 2R -JT-J R +J|,
k k Rk

67, 67, 247,

Ay=| * -18Z, 487,
* * 1447,

Proof. For Vt > 0, there exists an integer k € {1, ..

such that d(¢) € I;. The LKF is proposed as
Vs ) layen= U(x)+(x,)

U0, D)+ (x,, k) +V5(x),

where
) 1 x(?)
V=] 0, (1) B , o, (1) ,
j x (s)ds j x (s)ds

t—d(1) t=d(t)

N t
W(x) = [ x"(s=d_)Px(s—d,_)ds

i=l¢)

t
+ j x! (s)ﬁx(s)ds,
= 10)

k-1 1
N,k =Y [ x'(s—d,))Px(s—d;_)ds

i=l¢p

5 N3,

(13)
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t—d,, _ t—d(t) B
+ j x! (s)B,x(s)ds + j x! ($)U,x(s)ds
1=d(1) t—d,

N
+ Z j X' (s—d,_)Ux(s—d,_;)ds,
i=k+1s_)"

V(3. k) =§:(d0 + iaaj
i=1 a=l1

0 t
j j T ()R x(s)dsdO
_(d{]+2;:]1“)t+0

m _(du"'z::]}’a) t
W j j T ()R .x(s)dsdo,
i=1 _(,/U+z;:]},“)t+9
N _(dn"'z::,}'a)() t R
ne) = [ [ [ #F©Zis)dsdpdo,

=@, 4y a0y 0t+p

In the case of uy < d (t) < o, for any 61(£) = 0, 05(1) =0
satisfying o1(f) + o»(¢t) = 1, let

d(1) =0, +0y (D = Yo 0, (04,

then the LKF derivative along the trajectory of the linear
system (1) is indicated as:

V(xn k) laeyer, = ).f(xt) + vz(xt)

N (x, D)+ (x, H+N(x),  (14)
where
xt) T '
' t) x(t)
ve=2 » br()
| A @ds| [x0--d@)xe-dwy)
t—d(1)
o T .
A0 X
=2 ZT B 6> (1)
L AO8 L0-a- 3 o wm-do)
2
=o' (1)) o, (DZ,,0(t).

s=1
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The derivative of V,(x,) is derived as

. N
V(x,)= Z (" (t—d,_)Px(t—d,_)

i=1

—x"(t=d))Px(t—d,))+x" (t)Px(t)

_{1 —ios (r)usij(t—d(t))lf’x(t—d(t))

s=1

2
=" (1)) 0, (NE,,0(1).

s=1

(15)
Y (x,, k) is derived as
. k_] T ~
V(x, k)= (x"(t—d,_)Px(t—d,_)
i=l1

—x"(t—d,)Px(t-d,))

+x'(t—dy )Bx(t—dy )

_(1 _ 22: o, 1, }cT (t—d()Bx(t—d (1))

5,=1

+(l “Yo.u, }” (t=d ()t ~d (1)

s, =1

—x" (t = d)Ux(t —dy)

N
+ Z " (t—d Ut -d,y)
i=k+1
" (t—d))U,x(t-d,))

2 2
= gDT (I)Z Z O-s, GSZESks,sng(t)'

s,=1s,=2

(16)

The derivative of Vy(x,, k) is deduced as

N

. 2
Vi (x,,k) = xT(t)[Za”fei + i(do +y x“j ﬁiJ)&(t)

i=l1 i=l a=l1

‘i[do +Zi:’laJ .t[

i=1 a=1 t_(dﬂ+z;:|j’u)

<" ()R x(s)ds

N d YA
_Z Al j

= (dy+ Y2

T ()R, x(s)ds. (17)
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Applying Lemma 2 to deal with the second term of (17),
it is given as

N i !
—Z[do +y /I“J [ ©Rs)ds
i=1 a=l ~(dy+YA")

N
<ol (DA, (D), (18)

i=1
where

T
g]i(r)=[xT(r)xT(r—di)di [ xT(s)ds] :

i t—d,
A is defined in Theorem 1.

Using Lemma 1 and 3 for the third term of (17), it is de-
rived as

N (d+ Y2
_Z A

= dy+ Y2

T (s)R,x(s)ds

I ~(dy+Y 2%

== > A j

i=li#k t_(du"'z;:,}'a)

T (s)R,x(s)ds

t_dk—l
—pk j T ()R, x(s)ds
t—d,

N
< D 03O0, — 03 (D505 (1),

i=lLi#k

(19)

where

t—d, r
sz'(l‘)=[)CT(l‘_di—l)xT(f_di)i j xT(s)ds] ,

i t-d,

05 (t) =[x (t—dy_Dx" (t—d()x" (¢t —d)] .

A, and Aj; are defined in Theorem 1.
Then, it follows from eqs (17)—(19) that

i=l a=1

. 2
V(x,) < x%o{iﬁﬁi +§(do + Zaaj RiJ)'c(t)
i=1

+o" ()2, ,40(t). (20)
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The derivative of Vs(x,) is deduced as

N i 2
V(x)<x" (r)% (d} -d3)Z, +Z{[do + A J
i=2 a=l1

- 2
—[do + Z]:/I“J Jz (1)
a=1

—dy t
- j j T (5)Z,5(s)dsd
—d, t+0

MR COO IV )
5 j <7 (5)Z,x(s)dsd6.

=2 (dy+y) A7)+

21

Applying Lemma 4, the above last two terms are derived
as

—dy t
- j j T (5)Z,5(s)dsd
—d, t+0

N _(dn"'z::;}’a) t

-y j <! (5)Z,%(s)dsdO

=2 (dy+y) A1+

N
< Z 04 (DA 404; (1),

(22)
i=2

where

1 t1=d,,
(=[x (t=d ), — [ x"(s)ds,
i t—d,
1 _dif! t_difl r
T
x" (s)dsd@,
()’ £ ,L

A4 1s defined in Theorem 1. Then it is derived as

N i 2
V(x,) < )'cT(t)% (d} -d3)Z, +Z{[do + Z/I“J
i=2

a=1

- 2
—[do +Z]/1“J Jz () +o” ()Zs0(). (23)
a=l

CURRENT SCIENCE, VOL. 113, NO. 6, 25 SEPTEMBER 2017
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Hence, the next inequality holds

V(x,. k) lacyes, <o’ (t) Z o (020 (DEy, 9(0).

s=1

24)

Applying the vector (eq. 10) with the simplified expres-
sion (eq. 9), the linear system (eq. 1) is represented as

0=Je(®), (25)

where 3§, is described in Theorem 1.
Hence, the asymptotic stability result of the system
(eq. 1) is presented as

2 2
0T (1)) 01,(0) 0 (D, 9(1) <0 (26)

$1,=1 s=1
subject to: 0 = F,e(?).

So, using Lemma 5, there will exist a matrix G such that
eq. (26) is equivalent to

@ (t)ZH (t)z o (020 (O)(Eys,s, +He(G5)))o(1) < 0.

o=l s=1
(27)

Thus the newly proposed LKF derivative is obtained as
V(s B)lgen <0 It means V(x,, k)lye, <EX(1) II*
for a sufficiently small £> 0. So the system (eq. 1) is as-
ymptotically stable. This completes the proof.

Theorem 2. Given an integer N> 0, and p; = A'. Con-
sider delay d(t) satisfying Case 2. The system (eq. 1) is
asymptotically stable if there_exists symmetric positive
definite matrices R R, P, Z eR™(i=1,..,N),

B e RN - oy metric matrices T T5 € R3"X3",

matrices J, € R3S S,8 € R T eR™, and
G e RUNSI™N  qch that the next LMIs hold

T TS

* 7, S |20,i=1,.,N. (28)
* * ]}i

2 A

D Ty (1)(E, +He(GF))) < 0. (29)

o=1

where E  is modlfed to B by removing Ey ( and
replacing =, 5, to E,,E, as follows

A
(=)
—

1 +d2 +:‘4ak +=s +eN+33eN+3s

k =
T
T T
€ €N+3
e el —el
T T T
€ON+4 € —éni2
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[1]>»

_ T T
2 =2 (e be —eyFe,),

1

S, are defined in Theorem 1.

Proof. Modify the Lyapunov functionals (eq. (13)) by
changing V(x,), V»(x,) and removing V;(x,, k) as
V(x5 ©) lagyer, = V() + () +V(x,, k) +1(x,), (30)

where
. x0T A{x(z‘)}
= % ,
M) Loz(r)} 0,(0)

N
Ux) =2 | ¥ (s=d)Px(s—d,_y)ds.

=l gt

Then following the same procedures of proof of Theorem
1, the stability criteria will be equivalent to

2
0" (0D I, (1)E, +He(GFy))e(1) < 0.

o=1

(31
This completes the proof.

Illustrative examples

Example 1. Consider a nominal system (eq. (1)) with
the parameters discussed in refs 28 and 34 are given as

{—0.5 —2} {—0.5 —1}

A= , Ay = .

1 -1 0 06

Considering +20% parameters uncertainties regarding eq.
(4), i.e. T(1) € [T() x 80%, J.(t) x 120%]. By choosing
do = 0 and the maximum value of dy is obtained with dif-
ferent p.

In the case of £1=0.9 and dy=0.5412, the state re-
sponse of eq. (1) is shown in Figure 2.

Table 1 compares maximum upper bounds dy with dif-
ferent values of u and dy=0. It clearly shows that for
1#4=0.9 and p>1 this proposed approach presents a big-
ger dy than the results in refs 28 and 34, with N = 3. Fig-
ure 2 indicates that the state converges to zero with
dy=0.5412, which means the system (eq. (1)) is globally

asymptotically stable under the obtained maximum value
of d(¢).

Example 2. Consider a nominal system (eq. (1)) with
the parameters discussed in refs 31 and 33, are given as

0 1 0 0.1
A= A, = .
~10 -1 0.1 02
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Considering time-varying delay satisfying case 2, the
maximum value of dy is obtained based on Theorem 2.

In Table 2, considering unknown u and different d, the
maximum upper bounds dy are obtained. It shows that the
proposed method improves the stability results compared
to the previous works®'**.

Remark 1. 1In this article, parameter uncertainties are
taken into account for stability analysis of delayed linear
system. Different from the existing results*™?'****, a new
LKF is constructed, which contains GSD-dependent inte-
gral forms with unfixed intervals. This novel design can
reduce the number of decision variables and provide ex-
pected stability conditions with high efficiency and less
computational complexity. A new expression of uncer-
tainties is formulated in (eq. (4)) using convex combina-
tion method. Extra inequalities and constraint conditions
can be eliminated compared to earlier research'**'>'. The
stability criteria on robust analysis for linear system with
time-varying delay is improved.

Table 1. Maximum value of dy with dy = 0 and different vaules u
Method Peng and Tian* Liu and Li*® Theorem 1 (N =3)
u=0.9 0.4760 0.5390 0.5412
w1 0.4760 0.5390 0.5407

Table 2. Upper bounds of dy for unknown u and different dy
Method Lee et al.? Park et al.*! Theorem 2 (N = 3)
dy=0 1.35 1.64 1.71
do=1 2.31 2.91 3.13

- -Il(t),ﬂ = O.Q,dN = 0.5412
zo(t), = 0.9,dy = 0.5412

40 60 80 100
t

Figure 2.

State of systems (eq. (1)).
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Remark 2. This employed GSD method considerably
improves the efficiency for obtaining the maximum
value of d(f). Sum formulation of the GSD method is
ay(1 = 2M/(1 = 2) where a; is the first term and A # 1. For
example, let the first term a; = 1, A =2 and the partition-
ing number N =4, that is a;(1 — A")/(1 - A)=15. This
means that the partition number N = 15, if the common
equivalent division method is selected. However, by
using our GSD approach, the partition number N =4,
which is 30% less than the equivalently partitioning
method. Hence, the decision variables are reduced consi-
derably. In addition, if the common ratio A =1, then the
sum will be N x a; that coverts the length of subinterval
to equal. Thus the previously produced works'** using
equivalent partition approach are the special cases of this
proposed method.

Remark 3. When a system has high dimension, the
computation burden is increased. It becomes more diffi-
cult to work out feasible solution. Lower dimension sys-
tems are commonly used for stability study. Additionally,
big partitioning number requires much more computing
time. In future, we will try to discover an improved
method to reduce the computation cost.

Conclusion

In this study, stability conditions of nominal system with
parameter uncertainties and interval time-varying delay
are investigated by utilizing the GSD delay-partitioning
method and convex combination approach. New GSD-
dependent LKF is developed, which includes integral
forms with geometric progression interval. Additionally,
the convex combination method is proposed to flexibly
estimate LKF derivative instead of using extra inequali-
ties. Therefore, unexpected enlargement can be appropri-
ately reduced. Meanwhile, less decision variables are
used, because the proposed GSD approach reduces the
number of partitioning subintervals. As a result, the com-
putational burden is lessened. Numerical results demon-
strate a good stability criteria. Due to the complex
dynamics of nonlinear system, control of such systems is
full of challenges. Recently, this research area has
attracted a lot of attention. Thus, future studies should
carry on the robust control of nonlinear systems with
stochastic disturbances and uncertainties.
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