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This study presents a fuzzy-based integrated zero-
order approach for shape optimization of steel–con-
crete–steel (SCS) sandwich beams. The method works 
on the novel idea of changing the shape of faceplates 
and core at the interface without affecting the overall 
shape of the beams. The proposed zero-order shape 
optimization technique is based on perpendicular 
growth and shrinkage in the design boundary at the 
interface of the faceplate and core to obtain an opti-
mized shape. The concept of ‘design elements’ has 
been used to avoid mesh distortion. Automatic mesh 
generation and refinement are incorporated at each 
iteration. Fuzzy set theory is used to control the move-
ment of nodes and convergence monitoring. A target 
maximum shear stress value (σt) is taken up and the 
shape is changed such that maximum shear stress (σ) 
at any point is smaller than or equal to the σt. For 
this, fuzzy membership functions in the form of trian-
gular shape function have been used. The proposed 
approach coded in FORTRAN is labelled as gradient-
less shape optimization (GSO). It is found to perform 
effectively in determining the optimized shape of facep-
lates and core. To explain the efficacy of the proposed 
method, a few examples have been taken with chang-
ing boundary conditions and shape of the SCS sand-
wich beam.  
 
Keywords: Design elements, fuzzy membership function, 
sandwich beams, shape optimization, zero-order approach. 
 
A steel–concrete–steel (SCS) sandwich beam is made up 
of two steel faceplates of the thickness (tf) sandwiching a 
concrete core of thickness (tc), generally in the ratio of 
tf/tc ^ 1, connected via mechanical connectors forming a 
compact unit to withstand externally applied loads. The 
idea of a SCS sandwich beam was first introduced by Solo-
mon et al.1, using a SCS sandwich roadway slab in long 
and medium span composite bridges to decrease the overall 
weight of the structure. Since then, there has been a lot of 
research and development in SCS sandwich construction. 
One of the significant fields in the work on sandwich 
constructions has been optimization for a lighter weight 
sandwich structure. Weight of sandwich beams has been 

optimized using various methods, of which some used 
constraints like maximum allowable deflection, shear 
stress and bending stress2, a few used criteria of simulta-
neous failure of the face and core of the sandwich beam3, 
while others focused on reducing the face and core thick-
ness4,5 presenting ‘small deflection theory’ for the deter-
mination of deformation and stresses in sandwich beams6. 
Many researchers used lightweight core and optimized 
the density of the core to get an overall lesser weight7–9. 
Steeves10 and Sjølund et al.11 combined the geometry and 
core density optimization for sandwich beams which re-
duced the overall weight of beams more effectively. The 
use of honeycomb-shaped cores has been proposed by  
Al-Fatlawi et al.12 for weight reduction of about 15% to 
38%, and this was further optimized by Kondratiev and 
Gaidachuk13 as irregularly shaped hexagonal honeycomb 
filler, which further reduced the weight by 2.1–12.3%. 
Other methods like optimizing stacking sequence in a 
multi-sandwich-panel composite structure14 have also 
been used to enhance the strength of sandwich beams. In 
the work done on optimization of sandwich structures, 
two primary criteria have been focused upon, the first be-
ing the minimization of core density and the second being 
reduction in the thickness of the face and core. However, 
most of the research and its applications have stuck to the 
idea of having a constant face and core thickness. Never-
theless, with the advent of modern and improved fabrication 
techniques, the demand for using lighter weight design 
has intensified, and sandwich elements with non-uniform 
cross-section will likely be used. The weight density of 
steel (around 7750 kg/m3) is very high compared to con-
crete (around 2500 kg/m3). Hence, reducing the amount 
of steel and replacing it with concrete can serve the pur-
pose of a lighter weight SCS sandwich beam. However, 
this should be done such that the structural integrity and 
serviceness of the structure are not hampered.  
 The non-gradient/zero-order method has long been in 
use for the optimization of structures. There are various 
studies where shape optimization has been performed us-
ing different zero-order methods15. Non-gradient methods 
have been employed by some researchers using an idea 
inspired by the ‘living structures’, where they proposed 
adding material to areas of higher stress while subtracting 
material from areas of lower stress to get an optimum 
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Figure 1. a, Steel–concrete–steel (SCS) sandwich cantilever beam. b, Division of the model into design elements 1, 2 and 3. c, Sub-division of 
design element no. 1 into finite elements.  
 
 
shape of the structure16–19. Zhixue20 proposed a zero-order 
method for shape optimization, taking into consideration 
the minimization of stress concentration factor. Frequency 
constraint to obtain the optimized shape of truss struc-
tures was used by Lingyun et al.21. Nagy et al.22 proposed 
an isometric analysis for shape optimization of the beam, 
altering both weight of the structure and spatial location 
of the control point to obtain the optimized shape. Methods 
like harmony search23, genetic algorithms24 and bacterial 
foraging algorithms25 have been reported as effective 
non-gradient methods for shape optimization. Inspired by 
the studies on non-gradient methods for shape optimiza-
tion, the present study proposes a novel idea of changing 
the shape of faceplates and core on the interface. For this 
integrated zero-order method is used aiming towards re-
ducing the amount of steel and increasing the amount of 
concrete used without affecting the overall shape of the 
beam to have a lighter weight SCS sandwich beam.  

Integrated zero-order method  

The integrated zero-order method focuses on the efficiency 
of optimization and its flexibility to different sets of ini-
tial intricacies. It targets the geometric representation of 
the boundary of the model in a convenient manner. The 
feature of automatic mesh generation and re-meshing of 
the model at every iteration has been incorporated in this 
approach. We have also used an optimum number of design 
nodes and design elements so as to have a faster conver-
gence without any compromise in the accuracy of results26. 
This approach is compiled in a FORTRAN code, and the 
software is labelled as gradientless shape optimization 
(GSO).  

Model generation  

While generating a finite element model for shape opti-
mization, it is necessary to monitor the shape of the model 
after each iteration for which new mesh is generated, dis-
carding the older mesh, as the older mesh will not be valid 

for the next iteration for stress analysis. The changed 
boundary shape results in possible distortion of elements 
and newer geometric and loading conditions, which can 
only be dealt with using an updated finite element mesh. 
For these above-mentioned criteria, the isoparametric 
mapping technique27,28 is used with the design element 
concept so as to assure that the design variable which 
controls the finite element mesh also controls the optimi-
zation model27,28. 
 In this methodology, the SCS structure subjected to opti-
mization is first partitioned into the required number of 
design elements. Then each design element is characterized 
by a set of keynodes or master nodes, which is responsi-
ble for controlling the geometry of the design elements. 
The design elements are further divided into smaller  
finite elements using the master nodes. Figure 1 shows 
the different stages of discretization of the beam.  
 A two-dimensional isoparametric interpolation function 
is used to characterize the boundary of these design ele-
ments. Every design element bears eight master nodes. 
The master nodes present at the boundaries, which are to 
be taken into consideration for optimization, are treated 
as design nodes. The design nodes have their respective 
coordinates; these coordinates are considered as design 
variables. The isoparametric mapping is used to obtain 
the coordinates for the generated nodal points. Let X and 
Y be the coordinates for the generated nodal points. Then  
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where Xi and Yi represent the coordinates of the master 
node i, ξ and η represent the natural coordinates in accor-
dance to the point (X, Y), Ni represents the shape function 
and Nm represents the number of master nodes present in 
that design element. From eq. (1), it can be inferred that 
the master nodes control the generated finite element 
mesh, and hence the geometry changes according to the 
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changed coordinates of the master nodes. The optimizer 
gives the modified coordinates of the master nodes which 
at each iteration are sent to the mesh generator for gener-
ation of a new mesh to be used by the finite element pro-
gram. In the present study we have used nine-noded 
Lagrangian elements for finite element modelling to get a 
good compromise between simplicity of use and accuracy 
of the result.  

Fuzzy membership function  

In the zero-order method for shape optimization, the 
modification of geometry is greatly dependent upon the 
stress at the boundary nodes. The geometry is modified at 
each iteration taking into consideration the value of maxi-
mum shear stress at the design nodes in the previous ite-
ration. The criterion of maximum shear stress (σ) being 
less than or equal to the target maximum shear stress (σt) 
is fulfilled when the value of σ at each design node is  
almost equal to the σt value. Achieving this state of stress 
is uncommon and difficult, as it is roughly in fuzzy form. 
To overcome this, the fuzzy set theory has been emplo-
yed to carry out the nodal movement of the geometry. In 
order to find the shape for which the σ value is nearest to 
the σt value, the concept of fuzzy membership function is 
used29. In this study, the triangular shape membership 
function has been used.  

Triangular shape membership function  

In a triangular shape membership function, a linear rela-
tionship is obtained between the membership value (μ) 
and σt. The value of μ becomes equal to 1, if σ for the de-
sign nodes is equal to σt (Figure 2). This can be expressed 
mathematically by eq. (2) 
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When σ is greater than σt, the material is added and when 
σ is lesser than σt, the material is subtracted in each itera-
tion until the values of both σ at the design nodes and σt 
become more or less equal. This approach is incorporated 
using a fuzzy membership concept taking in ith node 
movement to be proportionate to the move factor (MF). In 
the present study, the difference allowed between the values 

of σ and σt is less than or equal to 0.01 N/mm2. MF is ex-
pressed by eq. (3)  
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Figure 3 shows the MF versus stress plot. 
 Figure 4 shows the direction of movement of the design 
nodes. Here node j, which is the middle node of Lagran-
gian elements, is selected as the direction node. The node 
i, which represents the design node, moves in accordance 
with the node j. The shortest distance between the design  
nodes and their respective direction nodes is represented 
by Lmin, which can be expressed mathematically by eq. (4) 
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where Nd is the number of design nodes and Li = 

2 2( ) ( ) .i j i jX X Y Y− + −  
 The nodal movement in the study has been allowed as 
one-tenth of the full-length movement of Lmin. Therefore, 
movement of the design nodes is represented by eq. (5) 
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Figure 2. Triangular function. 
 
 

 
 

Figure 3. Move factor (MF). 
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Table 1. Comparison study of gradientless shape optimization with experimental results obtained by Solomon et al.1 for 
  interfacial shear stress and central deflection of different beam 

Beams  B3 B5 B11 B12 B15 B17 
 

Length (mm) 2000 2000 2000 2000 2000 2000 
Width (mm) 150 150 150 300 150 150 
Core depth (mm)  75 90 90 90 100 105 
Plate thickness (mm) 3.18 3.18 3.18 3.18 4.76 4.76 
Econcrete (kN/mm2)  34.1 34.7 34.3 34.2 34.4 31.6 
Esteel (kN/mm2)  210 230 207 228 227 222 
Shear span (mm)  225 90 750 150 750 750 
Collapse load (kN)  45 195 42.3 145 46.6 45 
Interfacial shear stress (N/mm2) by Solomon et al.1  1.21 4.19 0.89 1.56 1 0.92 
Present interfacial shear stress (N/mm2)  1.57 4.37 0.94 1.59 1.17 1.04 
Central deflection (mm) by Solomon et al.1  – 5.49 7.72 – – – 
Present central deflection (mm)  1.89 5.57 7.44 1.19 5.14 4.41 

 
 

 
 

Figure 4. Direction node. 
 
 
At each iteration, there is a change in the coordinates of 
the design node i. This can be represented by eq. (6) 
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where X′i and Y′i are the newly obtained coordinates, and 
(Xi, Yi) and (Xj, Yj) are the coordinates for the direction 
node.  
 As the new coordinate value is obtained, data from the 
optimizer are sent to the mesh generator, where a new 
mesh is generated for further stress analysis. This process 
is repeated continuously until the criterion for conver-
gence is reached.  

Convergence criteria  

The membership function value under ideal conditions 
should always be equal to 1, but because of the fuzzy nature 
it is difficult to achieve this condition. Hence for the pur-
pose of convergence, fuzzy interaction, also termed as 
minimum membership function (MMF) has been utilized. 
The MMF value changes after each iteration and becomes 
maximum for the optimum shape. Hence when the MMF 
value starts decreasing at each iteration and continues to 
decrease up to three continuous iterations, then execution 

of the program stops and convergence criterion is consi-
dered to be achieved. This can be mathematically expressed 
by eq. (7) 
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If μ(σiter) < μ(σiter + 1), continue optimization. If μ(σiter) ˃ 
μ(σiter + 1), stop optimization as the convergence is achi-
eved.  

Steps involved in the computation  

The software follows the following steps:  
 
1.  Prepare the SCS model for which optimization is to be 

done with the assumption of proper connection bet-
ween the faceplates and core.  

2.  Divide the model into the optimum required number 
of design elements.  

3.  Define the design nodes according to the criteria for 
shape optimization.  

4.  The minimum finite element mesh is generated ac-
cording to the selected design nodes in order to obtain 
accurate but faster convergence.  

5.  Finite element analysis for the given boundary and 
loading conditions is carried out and MF values at the 
design nodes are calculated.  

6.  The boundary shape is optimized using the integrated 
zero-order method.  

7.  The changed coordinates of the new boundary shape 
are taken into consideration for the next iteration, and 
steps 4–6 are repeated.  

8.  The iteration stops when the convergence is reached 
to obtain the final optimized shape of the model.  

Validation study  

For performing the optimization process in SCS sandwich 
beams, it is necessary that the software is able to analyse 
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Figure 5. Schematic representation of SCS sandwich beam discretized in 48 nine-noded Lagrangian elements. 
 
 

 
 

Figure 6. Initial shape of (a) straight and (b) curved SCS sandwich beams. 
 
 
an SCS sandwich beam correctly. To prove the correctness 
of the software, a validation study is done where those re-
sults obtained by GSO software for interfacial shear stress 
and deflection are compared with those obtained by Solo-
mon et al.1 in their experimental work on SCS sandwich 
beams. Solomon et al.1 designed different types of SCS 
sandwich beams, changing the thickness of the core and 
faceplates and analysed them experimentally for collapse 
load and deflection. They calculated the interfacial shear 
stress between steel face and concrete core. However, 
they reported the results of deflection for beams 5 and 11 
only. Table 1 shows the comparative results obtained by 
Solomon et al.1 and the present GSO results for SCS 
sandwich beams.  
 From Table 1, it can be successfully inferred that the 
results obtained by the present GSO software are in good 
agreement with those obtained by Solomon et al.1. Hence 
it can be utilized for the analysis of stress and deflection 
of SCS sandwich beams.  

Numerical illustration  

Using the proposed approach compiled in the GSO soft-
ware, a few examples of shape optimization of SCS 
sandwich beams are provided. The Young’s modulus for 
steel plates is taken as 2 × 105 N/mm2 and the concrete 

core is taken as 2 × 104 N/mm2. The weight density of 
steel is taken as 7900 kg/m3 and concrete as 2400 kg/m3. 
Table 2 presents the dimensions, applied live load and 
beam types. Three design elements have been considered 
in all the beams with appropriate design nodes. The fixed 
cantilever beam has been discretized into 36 nine-noded 
Lagrangian plane stress element forming a total of 169 
nodes, whereas the fixed and simply supported beams are 
discretized into 48 nine-noded Lagrangian plane stress 
element forming a total of 221 nodes. Figure 5 is a sche-
matic representation of beam discretized in 48 nine-noded 
Lagrangian elements. The value of σt in all the cases is 
taken as 0.3 N/mm2 (according to the criteria of design 
shear strength of concrete without reinforcement in accor-
dance to design code IS 456:2000 (ref. 30)). Figure 6 de-
picts the initial shape of the straight and curved SCS 
sandwich beams. Table 2 also shows the system time taken 
and the number of iterations in each case to obtain the opti-
mized shape, along with the central deflection before and 
after optimization. Figures 7 and 8 show the optimized shape 
obtained and σ distribution in each case respectively.  

Results and discussion  

From the results in this study, it can be inferred that the 
GSO software can successfully optimize the given SCS 
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Figure 7. a, b, Fixed cantilever SCS sandwich beams with (a) point load and (b) uniformly distributed load.  
c, d, Simply supported (c) straight and (d) SCS sandwich beams with point load. e, f, Simply supported  
(e) straight and ( f ) curved SCS sandwich beams with uniformly distributed load. g, h, Fixed (g) straight and (h) 
curved SCS sandwich beams with point load. i, j, Fixed (i) straight and (j) curved SCS sandwich beams with uni-
formly distributed load. 

 
 
sandwich beam satisfying the criterion of maximum shear 
stress being less than or equal to the target maximum 
shear stress at any point. From Figure 7 a and b, it can be 
observed that for the case of concentrated load on a canti-
lever SCS beam, the amount of steel removed from the 
faceplate is less than that in the case of similarly loaded 
but uniformly distributed load on the same cantilever SCS 
beam. Similar results are observed in the case of simply 
supported straight and curved SCS beams and fixed 
straight and curved SCS beams. It can also be seen that in 
the case of straight SCS beams, the upper and lower face-
plates have been optimized to similar thickness, but in the 
case of curved SCS beam, the upper and lower faces are 
optimized to different thicknesses. For instance, in Figure 
7 h it can be seen that the upper faceplate is optimized to 
a central thickness of 7.70 mm, whereas the lower facep-
late is optimized to a central thickness of 3.00 mm. This 

is due to the nonlinear stress distribution in curved SCS 
beams. Also, it can be observed that the SCS sandwich 
beams with fixed support conditions are more optimized 
than those with simply supported support conditions for 
the same load. This is evident from the fact that for simi-
lar beams, a fixed supported beam can take more load 
than a simply supported beam. The change in deflection 
before and after optimization is also less, of the order 10–4. 
Hence, the condition of serviceability is being satisfied. 
From the point of view of the GSO software, it can also 
be observed that the number of iterations required to 
reach the final optimized shape is more in the case of a 
uniformly distributed load than in the case of a concentra-
ted load. However, the number of iterations in each case 
to reach the final optimized shape can be reduced by in-
creasing the nodal movement from one-tenth of the full-
length movement of Lmin to one-fourth or even more; but 
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Figure 8. a, b, σ distribution in fixed cantilever SCS sandwich beams having (a) a point load and (b) uniformly distributed load. c, d,  σ distribu-
tion in simply supported (c) straight and (d) curved SCS sandwich beams having a point load. e, f, σ distribution in simply supported (e) straight 
and ( f ) curved SCS sandwich beams having uniformly distributed load. g, h, σ distribution in fixed (g) straight and (h) curved SCS sandwich 
beams having a point load. i, j, σ distribution in fixed (i) straight and (j) curved SCS sandwich beams having uniformly distributed load. 
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this will impact the accuracy of the results in a minor way. 
Each iteration done by the GSO software on an average 
takes a runtime of approximately 1.406 × 10–1 sec.  

Conclusion  

This study discussed the fuzzy-based integrated zero-
order method for shape optimization of SCS structures. 
This whole approach has been compiled as a software 
named GSO using FORTRAN code. The shape at the in-
terface between the core and the faceplate is successfully 
optimized, lowering the amount of steel and increasing 
the amount of concrete for a certain load on the beam, 
keeping the overall cross-section of the beam the same. 
This helps in the reduction of the overall weight of the 
structure while fulfiling the criterion of structural integri-
ty and serviceness. The value of σmax obtained is near the 
σt taken, and nowhere does σ exceed the value of σt taken. 
The use of optimum design elements and proper design 
nodes has resulted in faster convergence without com-
promising on the quality of the results. The overall run-
time of the program is also less and does not demand any 
high-end computing capabilities. The capabilities of the 
GSO software based on the integrated zero-order approach 
have been effectively demonstrated by a few examples. 
The proposed approach is found to carry out successful 
shape optimization of SCS sandwich beams under the 
novel approach of changing the shape at the interface of 
the face and core to have a SCS sandwich beam with re-
duced weight without changing the overall shape. It can 
also be used for industrial applications.  
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