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ABSTRACT: 

In this paper, the ride analysis of Rajdhani coach is undertaken using 37 degrees of freedom vertical-lateral 

coupled vehicle-track model that is formulated using Lagrangian dynamics. The vehicle is considered to be 

moving along a straight track at a constant speed of 130 kmph. The simulated results of ride behaviour are 

compared with the experimental data. A sensitivity analysis is carried out in order to investigate the 

influence of mass and moment of inertia of car body, suspension stiffness, damping coefficient and wheel 

base on the ride behaviour. 
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NOMENCLATURE: 

BCm ,
 Mass of car body and bolster respectively. 

WBFm ,
 Mass of bogie frame and wheel axle respectively. 

zyx

CI ,,  Roll, pitch and yaw mass moment of inertia of car 

body respectively. 

zyx

BI ,,  Roll, pitch and yaw mass moment of inertia of bolster 

respectively. 

zyx

BFI ,,  Roll, pitch and yaw mass moment of inertia of 

 bogie frame respectively. 

zyx

WI ,,  Roll, pitch and yaw mass moment of inertia of 

 wheel axle respectively. 

yz

CBk ,  Vertical (½ part) and lateral (½ part) stiffness 

 between car body and bolster respectively. 

yz

CBc ,  Vertical (½ part) and lateral (½ part) damping 

coefficient between car body and bolster 

respectively. 

yz

BBFk ,
 Vertical (¼ part) and lateral (½ part) stiffness 

between bolster and bogie frame respectively. 

yz

BBFc ,
 Vertical and lateral damping coefficient between 

bolster and bogie frame respectively (½ part). 

yz

BFWAk ,
 Vertical (¼ part) and lateral (½ part) stiffness 

between bogie frame and wheel axle. 

yz

BFWAc ,
 Vertical (¼ part) and lateral (½ part) damping 

coefficient between bogie frame and wheel axle. 

Wt
 Lateral distance from bogie frame c.g. to vertical 

suspension between bogie frame and wheel axle. 

Ct  Lateral distance from car body c.g. to side bearings. 

Bt
 Lateral distance from bolster c.g. to vertical 

suspension between bolster and bogie frame. 

12z  Vertical distance between the c.g. of car body and 

bolster. 

24z  Vertical distance between the c.g. of bolster and 

bogie frame. 

46z  Vertical distance between the c.g. of bogie frame and 

its wheel axle. 

12x  Horizontal distance between c.g. of car body and 

bolster. 

46x  Horizontal distance between the bogie frame c.g. and 

the corresponding wheel axle c.g. 

Al  Longitudinal distance from wheel axle c.g. to vertical 

suspension between bogie frame and wheel axle set. 

a Half of wheel gauge. 

  Conicity. 

11f  Lateral creep coefficient 

12f  Lateral/spin creep coefficient 

22f  Spin creep coefficient 

33f  Longitudinal creep coefficient 

1. Introduction 

A railway vehicle is generally evaluated in terms of ride 

behaviour, stability and curving ability. Ride behaviour 

is related to a smooth train ride without annoying thrusts 

or oscillations, disturbing the passenger in his rest or in 

his activities during journey. The vehicle ride is 

evaluated in terms of vertical and lateral ride. Moreover 

there exists a coupling between the vertical and lateral 
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motions. The vertical irregularities of the track cause 

both vertical and lateral vibrations in the rail vehicle. In 

addition, there exists a coupling between vertical & pitch 

motion and lateral & roll motion for the different rigid 

bodies of the railway vehicle. In the evaluation of 

vehicle vertical and lateral ride, the power spectral 

density (PSD) of acceleration response of the car body 

mass centre as a function of frequency is of prime 

interest. In this study a 37 Degrees of Freedom (DoF) 

vertical-lateral coupled model of Indian Railway 

Rajdhani coach is formulated using Lagrangian 

dynamics for investigating the ride behaviour and its 

sensitivity analysis. The coupled dynamics of rail vehicle 

has been earlier studied by Zhai et al [6, 10]. The 

Lagrangian method is generally used for the analysis of 

coupled vertical-lateral dynamics of moving vehicle. 

This method is used earlier for the analysis of four wheel 

road vehicle [12, 13] and three wheel road vehicle [15]. 

In the past author has also carried out ride [4], 

eigenvalue and stability analysis [2] of Indian Railway 

General Sleeper coach using this method. The objective 

of present work is to examine the rail vehicle parameters 

that are critical in the context of vertical and lateral ride 

behaviour. Suarez et al [1] carried out a sensitivity 

analysis of inertia properties of railway vehicle and 

found that mass and pitch moment inertia of the vehicle 

bodies are the most sensitive parameters. Park et al [5] 

applied surface response method and neural network 

method to investigate the sensitivity of suspension 

characteristics on the dynamic behaviour of Korean high 

speed train. Zakeri and Xia [7] performed a sensitivity 

analysis of sub-structure parameters and found that a 

reduction in sleeper spacing, rail pad stiffness, ballast 

stiffness and increase in ballast damping reduced the 

contact forces between wheel-rail, rail-sleeper and in 

sleeper-ballast. 

2. Mathematical modeling 

The mathematical model of a Rajdhani coach of Indian 

Railway, as shown in Fig. 1 and Fig. 2, is formulated 

using Lagrangian dynamics with the following 

assumptions: 

 The railway vehicle is symmetric along 

longitudinal plane. 

 Vehicle is travelling at a constant speed such that 

the longitudinal DoF is not a rigid body motion. 

 All springs and dampers are assumed to be linear. 

 Creep forces are linear functions of wheel set 

displacement. Linear Kalker Theory [11] is used for 

calculation of creep forces. 

 Track is considered to be flexible. Its flexibility is 

accounted by considering wheel to be in series with 

sleeper, soil and subsoil. 

 Car body is assumed to be rigid. 

 The contact between wheel and rail is intact. 

The 37 DoF of railway vehicle include the following 

rigid bodies: 

 Car body with 5 DoF as vertical, lateral, roll, pitch 

and yaw ( iy , iz , i , i and 
i  where i = 1 for car 

body).  

 Front and rear bolster each with 3 DoF each as 

vertical, lateral and roll (
iy , iz and 

i  where i = 2 

for front and 3 for rear bolster). 

 Front and rear bogie frame each with 5 DoF as 

vertical, lateral, roll, pitch and yaw 
iy , iz , 

i , 

i and 
i  where  i = 4 for front and 5 for rear bogie 

frame). 

 Four wheel axles with 4 DoF as vertical, lateral, 

roll and yaw (
iy , iz , 

i , 
i  where  i = 6, 7, 8 and 

9 for four wheel axles). 
 

 

Fig. 1: Rail-vehicle model (side view) 

 

Fig. 2: Rail-vehicle model (front view) 

The equations of motion describing coupled 

vertical-lateral dynamics of the rail-vehicle are obtained 

using the Lagrangian dynamics as follows, 
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   (1) 

Lagrangian operator L is defined as (T - Vg), where T is 

the kinetic energy and Vg is the potential energy due the 

gravity effect of the vehicle system. EP is the energy 

stored in the system due to springs. ED is the Rayleigh’s 

dissipation function of the system. Qi are the generalized 

forces corresponding to the generalized coordinates, iy . 
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The final equations of motion of the rail vehicle are 

obtained as, 

)]([}]{[}]{[}]{[
...

riii FyKyCyM     (2) 

Where [M], [K] and [C] are the 37×37 mass, stiffness 

and damping matrices respectively for the rail vehicle. 

)]([ rF  is a 37×1 force matrix for displacement 

excitations at 8 wheel contact points, r = 1, 2, 3….8 due 

to the vertical and lateral irregularities of the track. 

Eqn.(2) may further be simplified as, 

)()(][ 1  rr FHD      (3) 

Where [D1] is the dynamic stiffness matrix. Hr(ω) = 

(yi/qr) is the complex frequency response function for r
th
 

input. The vertical and lateral irregularities in the railway 

track surface are random and represented by auto and 

cross PSD functions as reported by Goel et al [8]. 

Vertical and lateral irregularities are of the type S(Ω) = 

Csp Ω
-N

. Where Csp is an empirical constant. N 

characterizes the rate at which amplitude decreases with 

frequency. For a linear system subjected to random 

inputs, the auto and cross PSD matrix of the response is 

written as, 

T

rrryy HSHS 378888373737 )]([)]([)]([)]([      (4) 

The complex frequency response functions [Hr(ω)]37×8 

can also be defined as the ratio of response rate to unit 

harmonic input at a given point. The superscript T 

denotes transpose of matrix. In the evaluation of vehicle 

ride quality, the mean square acceleration response 

(MSAR) as, 

T

rrr HSHfMSAR 37888837

4 )]([)]([)]([)2(     (5) 

The spectral density of output corresponding to each 

DOF of car body can be plotted against frequency. To 

determine the root mean square acceleration response 

(RMSAR) at a center frequency fc, the PSD function is 

integrated over one third octave band as,  

]))](([)2[( 4
12.1

89.0

4 dfffSsqrtRMSAR
fc

fc

YY    (6) 

3. Ride analysis 

The results from testing are obtained from Research 

Design Standards Organisation, Lucknow. The rail 

vehicle is accelerated at a constant speed of 130 kmph 

over straight track. The data acquisition is completed in 

two stages. In the first stage the record is obtained for 2 

km straight specimen run-down track. This record is 

verified covering a long run of about 25 km in the 

second stage. A MEMS based accelerometer is placed at 

floor level near bogie pivot of the rail vehicle. The 

acceleration data is recorded in time domain with 

National Instruments cards (Sampling rate: 100 

Samples/s, Resolution: 12 Bit) using LabView. This 

record is converted in frequency domain using Fast 

Fourier Transformations. PSD of accelerations in 

vertical and lateral directions of loaded car body 

obtained through testing are shown in Fig. 3 and Fig. 4 

respectively. The same data obtained through simulation 

are shown in Fig. 5 and Fig. 6 respectively. The 

simulation and testing results compare reasonably well 

except the frequency at peak values. 

 

Fig. 3: Vertical acceleration PSD of loaded coach from testing 

 

Fig. 4: Lateral acceleration PSD of loaded coach from testing 

 

Fig. 5: Vertical acceleration PSD of loaded coach from simulation 

 

Fig. 6: Lateral acceleration PSD of loaded coach from simulation 

The vertical and lateral RMS acceleration values of 

loaded Rajdhani coach obtained through simulation are 

shown in Fig. 7 and Fig. 8 respectively. When vertical 

and lateral ride is judged on the basis of  ISO-2631 [17] 

for 8 hrs comfort criterion, it is found that the vertical 

ride of loaded Rajdhani coach is uncomfortable in the 

frequency range of around 1.1 Hz and between 5 and 10 

Hz. The lateral ride is uncomfortable around 2.5 Hz. 
 

 

Fig. 7: Vertical RMS acceleration of loaded coach from simulation 
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Fig. 8: Lateral RMS acceleration of loaded coach from simulation 

4. Sensitivity analysis 

Parametric analysis provides the rail vehicle designer 

with vital information regarding the extent to which each 

parameter influences the PSD or RMS acceleration 

response of the vehicle that is moving at a constant 

speed. This information can be utilized to reach a 

suitable combination of design parameters to keep the 

peak value of accelerations within the ISO comfort 

boundaries for improved ride behaviour. The ride 

behaviour of the vehicle is studied by varying one 

parameter at a time to estimate its individual effect. The 

parameters taken into consideration are car body mass & 

its roll, pitch, yaw mass moment of inertia values, spring 

stiffness & damping coefficient of primary & secondary 

suspension parameters and wheelbase of bogie frame. 

The effect of each parameter on the ride behaviour is 

studied by varying its original value from -20% to +20%. 

The sensitivity analysis is carried out for the frequencies 

from 1.1 to 15 Hz as higher frequencies do not affect the 

human vibration. Lower frequencies are important when 

motion sickness in passengers has to be is evaluated. The 

values of existing parameters of a loaded Rajdhani coach 

of Indian Railway listed from Table 1. The values of 

creep coefficients for the wheel-track interaction have 

been taken from Yuping & McPhee [9]. The vertical 

PSD acceleration and lateral values for existing 

parameter values for Rajdhani coach are mentioned in 

Table 2 at certain frequencies within the frequency range 

of human comfort. 

Table 1: Rail vehicle parameters of loaded Rajdhani coach 

 
 

Table 2: Vertical and lateral PSD acceleration values relevant to 

human vibration 

Vertical ride Lateral ride 

Frequency 

(Hz) 

Acceleration 

PSD (m/s2)2/Hz 

Frequency 

(Hz) 

Acceleration 

PSD (m/s2)2/Hz 

1.1 20.2 2.5 19.2 

3 0.384 4 0.03 

5 0.48 7 0.035 

8 0.44 10 0.05 

10 0.39 15 0.09 

 

The mass, roll, pitch and yaw mass moment of 

inertia of car body parameters are varied in the analysis. 

It has been observed that the car body mass affects both 

vertical and lateral PSD acceleration responses. Higher 

value of car body mass than the existing values is 

preferred for vertical and lateral acceleration PSD in 

critical frequency region as observed in Fig. 9 and Fig. 

10. The pitch mass moment of inertia has no effect on 

lateral PSD acceleration. Increased pitch mass moment 

of inertia from existing values is desirable for vertical 

PSD acceleration in low and high frequency region. The 

roll mass moment of inertia has negligible effect on 

vertical PSD acceleration, and marginally it influences 

the lateral PSD acceleration at critical frequency. The 

yaw mass moment of inertia has no effect on vertical 

PSD acceleration. 
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Fig. 9: Sensitivity of car body mass and mass moment of inertia on 

vertical ride  

 

Fig. 10: Sensitivity of car body mass and mass moment of inertia 

on lateral ride  

Reducing the secondary suspension vertical stiffness 

value from the existing value is preferred for vertical 

PSD acceleration as the acceleration values in all 

frequency region of human interest is reduced as 

observed in Fig. 11. Reducing the secondary suspension 

vertical stiffness value is preferred for lateral PSD 

acceleration as the peak acceleration value is slightly 

reduced at critical frequency as observed in Fig. 12. 

Reducing the secondary suspension vertical damping 

coefficient value from the existing value is preferred for 

vertical PSD acceleration as the acceleration is 

significantly reduced in frequency regions of human 

interest Secondary suspension vertical damping has 

negligible effect on lateral PSD acceleration. Reducing 

the secondary suspension lateral stiffness and increasing 

the secondary suspension lateral damping coefficient 

values from the existing values can be preferred for 

lateral PSD acceleration as the acceleration values are 

significantly reduced in all critical frequency regions. 
 

 

Fig. 11: Sensitivity of secondary suspension stiffness on vertical 

ride  

 

Fig. 12: Sensitivity of secondary suspension parameters on lateral 

ride 

Reducing the primary suspension vertical stiffness 

value from the existing value is preferred for the vertical 

PSD acceleration as the acceleration values are 

significantly reduced in the middle and higher frequency 

region with slight penalty in lower frequency region 

before 1.8 Hz as observed in Fig. 13. However lateral 

PSD acceleration is increased slightly at critical 

frequency with reduction in primary suspension vertical 

stiffness from existing value as observed in Fig. 14. The 

vertical PSD acceleration values in all frequency regions 

are reduced with reduction in primary suspension 

vertical damping coefficient value from the existing 

value. Increasing the primary suspension lateral stiffness 

and damping values from the existing values are 

preferred for lateral PSD acceleration as the acceleration 

values are significantly reduced in almost all frequency 

regions as observed in Fig. 14. Primary suspension 

lateral stiffness and lateral damping have negligible 

effect on the vertical PSD acceleration. 
 

 

Fig. 13: Sensitivity of primary suspension parameters on vertical 

ride  

 

Fig. 14: Sensitivity of primary suspension parameters on lateral 

ride  

Reducing the wheelbase from the existing value 

reduces the vertical PSD acceleration in lower and 

middle frequency regions (from 1 to 4 Hz) and increases 

the vertical PSD acceleration in high frequency regions 

(from 4 to 10 Hz) observed in Fig. 15. Significant 

reduction in lateral acceleration is observed at critical 

frequency for reduced wheelbase of bogie frame from 

the existing value as observed in Fig. 16. 
 

 

Fig. 15: Sensitivity of wheelbase on vertical ride 
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Fig. 16: Sensitivity of wheelbase on lateral ride 

5. Concluding remarks 

The rail-vehicle model of Indian Railways Rajdhani 

coach was developed using Lagrangian dynamics. Ride 

behaviour of loaded coach was simulated and the PSD of 

vertical and lateral accelerations were compared with 

test results. The simulation results were found to be in 

good agreement with test. A sensitivity analysis of ride 

behaviour for 20% variation in the existing vehicle 

parameters was undertaken to improve the comfort in 

vehicle ride on track with track irregularities. In order to 

improve the vertical and lateral PSD acceleration, the car 

body mass and inertia have to be increased. From 

existing values .Reducing in the primary & secondary 

suspension and wheel base were also improved the ride 

behaviour. Further investigations may be focussed on 

addressing the impact of these variations in vehicle 

parameters on the track wear and vehicle stability on 

curved tracks. 
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