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Abstract

In this paper we present a new subclass SM,, P(t,y,k,a, p) for analytic functions with negative coefficients of the structure

flz)=2"-

n=p+1

z a,z" by using a generalized certain differential operator SQMS,P f(2) The principle object of this paper is

to research the different critical properties and characteristics of the class SM,,,P(T,“{,X,OL, p) . We additionally determine
many results for the Hadamard products of functions belonging to the class SM, ) (T,y,x,q,p) .
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1. Introduction and Preliminaries

Let A(p) indicate the class of functions of the structure:

fle)=2"+ i az" (z eU, peN= {1,2,3,...}), (1.1)

n=p+1
which are analytic and p-valent in the open unit disc
U:{z e((1|z|<1} .
A function f (z) in A(p) is said to be p-valent starlike of
order y if and only if

Re {1+Zf (Z)}>y (zeU), (1.2)
f@
for some y (0 <y< p). we indicate by $*(y) the class of all
p-valent starlike of order y.
Similarly, a function f (z) in A(p) is said to be p-valent
convex of order y if and only if

Re {1 + M} >
f @)
for some vy (0 <y < p). we indicate by C(y) the class of all
p-valent convex of order y.

(z eU), (1.3)

*Author for correspondence

2. Definitions and Methodology

For the function feA(p), we indicate the following new
differential operator:

S) s, (D)= f(2),
8t s f @) =[1-p(2=8)(B-at)]
f@+[(r-3)(B-a)]zf )

and for k=1,2,3,.

Stpsn (@)= s(s.’;;mf(z))
=2+ Y ((-3)(p- ) (n-

n=p+1

)+1) az', (1.4)

for f €A(p),a,B,6,A20,A>03,p>a,peN
and n eN=Nu {0}
It is effectively verified from (1.4) that
(A=8)(B—a)z(Sky,5,/(2)
=St b S (@)= ( (7“ 5)(B O‘)) wpasp (@ (15)

this is differential operator introduced by-»
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Remark 1: (i) When p = 1 we have the operator intro-

duced and studied by?®.
With the help of the differential operator S}, ;. ,f (@)
we define the class SMW (‘c,y,k, oc,p) as follows:

Definition 1: A function f(z) €A(p)’is said to be in
the class of SM, ,(t,v,%, 0, p)if it fulfills the following
inequality:
7(saﬁx5 pf(z)) -
—+7
( 06,5, pf(z)) 2
2zcxy(SaM§ ,f(2)
( ) pf(z))

<L (1.6)

a(p+3y)+

0<y<L0<t<L0<a<lpeN={L2,..},

f
or some Wy eRAS0,

and for all z eU" we have the class introduced and con-
sidered by*®, and considered meromorphic univalent and
Multivalent functions for diverse classes by’.

Let A*(p) denote the subclass of A(p) comprising of
functions of the structure:

f@)=z i a2" (zeU, peN=1{123..}). (17

n=p+1

Further, we define the class S'M, , (I,y,X,oc,p) by
SM,, (t.7,%0,p)
=SM, (1,7, %,0,p) N A (p). (1.8)

3. Main Results

In this paper we introduce, radii of starlikeness and con-
vexity, closure theorems, extreme points and the class
preserving integral operators of the form:

forall c>—p,

F(z)= ﬂj £ (1) dt
z 0

for the class S*M”,P(T,%K,OL,P) is considered. We
additionally determine numerous outcomes for the

hadamard products of functions belonging to the class
S*Mu)p(r,y,k,oc,p).

4. Coefficient Inequalities

In this segment, we give an important and adequate con-
dition for a function f (z), given by (1.1), to be in class
M, , (r,y,k,a,p) .
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Theorem 2.1. A function f (z) given by (1.1) is in,
SMu,p(t,y,k,(x,p),

where 0<Y<1,0<‘t<1,0<0t<1,p€N={1,2, ..... },
wveR,A>0

and n e if and only if

S ((-8)(B-a)(n-p)+1)

n=p+1

2.1
%(n+1)—ay(3—2n)—(xp}.a" @

S%(—p—l)+ay(3+2p)+ap.

Proof. Assume that f(z) eS*MW (r,y,?»,oc,p). Then we
find from (1.6) that

(Sasxapf(z)) = ( aBNPf(Z))

- a(p+3y)( 0(BmPf(z))+220L}/(S(w“)Pf(z)),‘SO
= ( aBLSpf(Z))

‘ (P+3y)( amapf(z))‘ ‘Zmy(samspf(z))"go

(x[iké pf(z))

ol )
U’Z +nZ((x S)B-a)n—p)+1)a,z" J

n=p+1

([ & )
+ gLZu > (L -8)B-a)n-p)+1) ansz

n=p+1

A
P+Z((x SPB-a)n-p)+1)a,z J

n=p+1
( p-1 nl\\
+zzaprz +nZ((x 8)B-a)n—p)+1)a,z J

n=p+1

— (x(p+3y)(

Z‘”(%(—p—l)+ow (3+2p)+apj +

S (O —-8)B-)n—p)+ 1 anz"

n=p+1
[%(n+1)—ay(3—2n)—ap}£0
If we choose |z| =r<1, we get

Z((x 3B -a)(n—p)+1) |:(n+1) ocy(3—2n)—ocp}.an
n=p+1

(0<y<L0<t<lL0<a<lpeN,
s[%(—p—1)+ay(3+2p)+ap)

which is amounting to (2.1).
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On the other hand, let us suppose that the equivalent
(2.1) remains constant. At that point we have

S Sianf@)
—+7
( u,ﬁ,x.s,pf(z)) 2
2zay(S§!ﬁ,k,5)pf(z))’
(Ss,ﬁ,x,s,pf(z))

a(p+3y)+

s[%(—p—1)+ay(3+2p)+ap]
(0<y<L0<t<L0<a<lpeN),

which implies that f(z) eS*Mu,P (r,y, X,a,p) )
This is the required condition. Thus the theorem takes
after. O

Corollary 2.2 Let the function f(z) be defined by (1.1).
If fz) ES*MW (T,y,k,oc,p) , then

N [;(—p—1)+ay(3+2p)+apj

(A=3)PB—-o)(n— p)+1){ (n+1) ow(3—2n)—(xp]
(kzp; peNsneNy). 2.2)

The equality in (2.2) is accomplished for the functions
f(z) given by
fe)=z"+
(;(—p—1)+ay(3+2p)+apj

n

z
(A=8)(B-a)(n— p)+1){ (n+1)- ay(3—2n)—ap}
(k= p; peNsneN,). (2.3

5. Radii of Starlikeness and
Convexity

In this segment we decide the radii of starlikeness and
convexity for the class S*MW (r, 1A, oc,p) is given by the
accompanying theorems.

Theorem 3.1. Let the function f(z) characterized by
(1.7) is in the class S*MM (T,y,K,a,p), where 0<y <1,
0<y<1,0<t<],0<a<l, peNgnd neN,, thenf(z) is
starlike of order 5(0< 8 <1) in |z| <r,, where

Vol 8 (32) | November 2015 | www.indjst.org

= inf
nzp+1

-a)(n-p)+D) n
{ —(n+1) (xy(3 2n) - ocpj

—_3

| —

1-n+p+38) (l—p)—av(3+2p)+apﬂ
p+1). (3.1)

The outcome is sharp for the function f(z) given by (2.3).

Proof. It suffices to prove that

2/ (2)
fz)

for |z| <r,. We have

- Zw: (I-n)a,z"

n=p+l

o0
'+ a.z"

n=p+1

_p‘SP_SJ (3.2)

i (I-n)a,z"

S n=p+l (33)

0

1+Zan

n=p+1

n

zf |
| fz) =

z

Subsequently (3.3) remains constant if

L1+ ZP:

n=p+1

or

= (I1-n—p+90)
nZZPH (p_6) an|z

With the guide of (2.1), (3.4) is true if

n

<1 (3.4)

U n+p+8n|
(p-3)
() (b)) (001) - (5-20) )
< (3.5)
() or(32p) )
Solving (3.5) for |z|’1 , we obtain
r = inf
nzp+1
!
(p=8)(=8)(B-a)(n-p)+1 "

x(%(n+1)—ow(3—2n)—(xp)
+[(1—n+p+8)[§(—1—p)—ay(3+2p)+ocp]}

(n>p+1).
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This is ended the proof of Theorem 3.1. O

Theorem 3.2. Let the function f(z) characterized by
(1.7) is in the class S*Mw (‘c,y,k,a,p), where 0<t<1,
0<t<1,0<a<l,peNand# ey, then f(z) is convex of
order 3(0<6<1) in |Z| <r, where

r = inf
nzp+1

p(1-8)(1-8)(p~a)(n-p)+1) wet
XG(M)_ay(a_zn)_ap) (3.6)

:|:n(1n+p+5)(f(lP)O‘Y(3+2P)+°‘P):|

(n2p+1).

The outcome is sharp for the functions f (z) given by (2.3).

Proof. By utilizing the same method employed as a part
of the proof of Theorem 4.1, we can demonstrate that

zf (2)
f@
for |Z| <r,, with the guide of Theorem 2.1. Accordingly

we have the attestation of Theorem 3.2.0

<p-38 (3.7)

- E

6. Closure Theorems

In this segment we prove the closure theorem for the class
S*Mu,p (T)Y’K)a, P) are given by the following theorems.
Let the functions f (2),j=1,2,...] be characterized
by
f@=z"- Zlan,,-z"(an,jzo), (4.1)
n=p+
for zeU.

Theorem 5.1. Let the functions f(z) characterized by
(5.1) be in the class S'M,, (T,Y,K,Ot,p), where 0 <y <1,
0<t<l,0<a<l,peNand neN, forevery j=1,2,...,1.
Then the function G(z) defined by

GR)=2"— 3 buz" (by>0) (4.2)

n=p+1

is a member of the class S'M,, (T.y,M 0 p), where

11
bn=IZan,j (n2p+1).
j=1
Proof. Since fj(z) eS*MW (r,y,k,a,p) , it takes after from
Theorem 2.1 that

B 4 | vois (32) | November 2015 | wwwindjst.org

o | (=8)(B-ax)(n—p)+1)
,,:ZPH x(%(rﬁl)—ocy (3—2n)—apj a,

S[%(—l—p)—ay(3+2p)+ap}.

for every j=1,2,...,1. Hence,

©

2 (2=3)(B-a)(n—p)+1)

n=p+1

x(%(rwl)—ow (3—2n)—cxp] b,

. [ (1=8)(B-a)(n—p)+1)
-2 (2o (5-20) ) {%za}

Which (in perspective of Theorem 2.1) implies that
G(z) eS*Mu,P (r,y,k,oc,p) .o

Theorem 4.2. The class S'M,, (t,y, k,a,p) is closed
under convex linear combination, where 0<y <],
0<t<l,0<a<l,peNandneN.

Proof.

F@=2"= % anz" (a;20:j=12peN) (43)

n=p+1
be in the class S'M,, (T.7>%a, p) It is adequate to dem-
onstrate that the function h(z) characterized by

h@)=tf(D+(1-0)f () (Ost<1)  (44)

is additionally in the class S'M, , (’E,’Y,?\.,OL, p) . Since for
0<t<I1,

h2)=2"— 3 [tam+(1-a,] 2" (0<t<1) (45)

n=p+1
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we watch that
((1-5)(8-a) (1 p) +1)
> x[%(rwl)—ay (3-2n) —ocp]

n=p+1
X [tam1 +(1-t)a,, :|

| (1 =8)(B-at)(n-p)+1)
+H1-1)

S x(%(n+l)—ay(3—2n)—(xpj a,,
9[%(—1—p)—ay(3+2p)+ap}
+(1—t)(§(—1—p)—ocy (3+2p)+ocpj

:G(_1_p)—ay(3+2p)+apj~

Hence h(z) eS*Mw (r,y,?»,on,p) . This is ended the proof
of Theorem 4.2. O

7. Integral Operators

In this segment, we consider integral transforms of func-
tions in the class S'M,, , (t.y,0ap).

Theorem 5.1. If the function f(z) given by (1.7) is
in the class S'M,, (1.7, 0,p), where 0<y<l,
0<t<LO<a<l,peNandneN.and let ¢ be a real
number such that ¢ >-p . Then the function F (Z) defined by

F(z)= L fde (5.1)

AR
likewise belongs to the class S*MM)P (r,y,k,oc,p) .
Proof. From (5.1), it follows that F(z)=z"— . b,z",

c+ n=p+1
where p, = 4 an - Therefore

(R5f(B—a)(n—p)+1*
Zpll x(%(n+1)—ay(3—2n)—ap) b,
o [(A=8)(B-at)(n—p)+1)
:n;m xG(nH)—ay(z;—zn)—ap][Hp]an

n+c

Vol 8 (32) | November 2015 | www.indjst.org

o | (=8)(B-a)(n-p)+1)
Sngﬂ x[%(n+1)_ay(3_2n)_ap]an <(1-ap-B),

since f(z) eS*Mu)p (r,y,k,a,p) . Hence by Theorem 2.1,
flz) eS*Mu)p(r,y,k,a,p) o

8. Extreme Points

Now, we determine extreme points for the class
S Mu,p (r,y,k,(x,p).

Theorem 6.1. Let f (2)=z"
and

(g(—l—p)—ow(3+2p)+apj
[(G-8)6-a)r-p))
_T x(%(n+1)—ay(3—2n)—ap) |

(n=p+LpeN)

N
2

fy=e~

Then f(z) eS'M,, (r,y,?»,oc,p) if and only if it can be
expressed in the structure

fO= Y £.f (2 61)
n=p+1
where &, >0 (n > p)and i&m =1.
n=p

Proof. Suppose that
f@=28.1,(2)
n=p

(%(—1—p)—ay(3+2p)+ap}
=z/- > | [(A-8)(B-a)(n—p)+D* £,2"
_T x[%(n+l)—ow (3—2n)—ocp]
Then it follows that

[(=8)(p~ot)(n—p) + 1)
i x[%(n+l)—ay(3—2n)—apj

_+(§(—1—p)—ay(3+2p)+ap)

Indian Journal of Science and Technology I 5 -
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[%(—1—p)—ay(3+2p)+ap}
(A-38)(B-a)(n—p)+D* g, .
B x[%(n+l)—ow(3—2n)—ap]

Then from Theorem (2.1) we have
flz)eS’M,, (t.7,ha,p).

flz)eS'M,, (t.7: 0. p).
Corollary 2.2, we have

(;(—l—p)—ay (3+2p)+ocp)

(O=3)(p-a)(n-)+ 1 E{o+1) -0 (5-20) )

Setting

Conversely, Let Using

a <
n

é _((k—é)(B—a)(n—p)+1)k(;(n+l)—(xy(3—2n)—ocpj
' (%(—1—p)—ay(3+2p)+ap) :

and €, =1- i g,

n=p+1

We see that f(z) can be expressed in the structure (6.1)
this is ended the proof of the theorem (6.1). 0

Corollary 6.2. The extreme points of the class
SM,, (r,y,k,oc,p) are the functions f, (z)zz"

fn (Z)_: ZP —

(%(—1— p)—ocy(3+2p)+ocp]
(A-3)(B-a)(n-p)+D" Z"

B x[%(n+1)—ay(3—2n)—cxpj

(n2p+1;p eN).

9. Convolution Properties

For those are functions

Theorem 7.1.

fj(z)zzp— i an,jz” (an,j 20; j=12; peN) (7.1)

n=p+1

B 6 | vois (32) | November 2015 | wwwindjst.org

we denote by ( fi®f, ) (z) the hadamard product (or con-
volution) of the functions f, (z) and f, (z) ;that is,

(f®f)e)=2"~ X aja..  (72)

n=p+1
Theorem 7.2. Let the function fj(Z)(j=1,2) character-
ized by (7.1) be in the class S*Mu’p(g,y,k,oc,p). Then
(f1 ®f2)(z) eS’M,, (C,y,k,a,p), where

~ 209(2p+3)-20p

(p-1)
2(%(—1—p)—ay(3+2p)+ap]
+ [ (A-8)(B-a)+D"

_+ x(g(p+2)—ay(3—2(p+1))—ocp](p—l) |

(7.3)

The outcome is sharp for the functions fj(z)(j = 1,2) given

by

f](Z) =P _

2[%(—1—p)—ay(3+2p)+ap]
(A -8)(B-a)+D" z

N XG(P+2)—00/(3_Z(P“))_apj(p_l) ]

(7.4)

Proof. Employing the procedure utilized before
by®, we require to discover. the biggest { such that

[ (2.-8)(B-a)(n-p)+1f

i x(%(n+1)—ay(3—2n)—(xp] a,a,, <1
n=p+1

+[%(—1—p)—ay(3+2p)+ocp]

L - (7.5)

For f,(z) eS*Mu’P(‘c,y,K,Oc,p) (j=1,2) since
f(2) €8,,,(0,B,8,1, p) (j = 1,2), we readily see that

[(0--3)(p-a)(n-p)+1)
N T N
{(G-n-mtorzoven)

2).

(7.6)
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In this way, by the Cauchy-Schwarz inequality, we get

((»=8)(B-o)(n-p)+1)’
3 XG("+1)—GY(3‘2”)_“P]
_{(%(‘I—P)ﬂW(3+2p)+apﬂ

This implies that we need only to show that

\/ an,lan,Z S 1 (77)

an,lan,z
(g(—l—p)—ay (3+2p)+ocpj
< a,.,4,, (1’1 > P+ 1) (7_8)

T

2(—1—p)—ay(3+2p)+ap]

or, equivalently, that

Y} an,lan,z

g—1— —oy(3+ +a
<(2( p)=ov (3+2p) p] rapel). 09

_(;(—l—p)—ay(3+2p)+apj

Consequently, by the inequality (7.7), it is adequate to
prove that

K%(—l—p)—ay(3+2p)+apﬂ |
(-3)(p-a)f-p) 1
_+ x[%(n+l)—ow(3—2n)—ap) |

(g’(—l—p)—ay(3+2p)+ap)( |
< nzp+1).
(2(1-p)-ar(3+29)vop) ’

It follows from (7.10) that

(7.10)

< 207 (2p+3) - 20p

(p-1)

{2(%(—1—‘0)—@ (3+2p)+ap)z}
o [(r8)(B-a)(n-p) 1)

G )-ar 62w 710

(nzp+1).

Vol 8 (32) | November 2015 | www.indjst.org

Now, defining the function ¢(z) by

20 (2p+3) - 2ap
o) =—"—"—""7""
R

_L(%(—l—P)—OLY(“ZP)WPJZ}
| =8)(B-a)(n=p)+ 1’
_+ X(g("ﬂ)*oﬂ’@*zn)fap)(pil) .

(nzp+1), (7.12)

we see that @(z)is an expanding function of n. In this way,
we infer that

20ty (2p+3) —20p
<o(p)=
C<olp (p—l)

{2[%(—1—1))—00{(3+2p)+ocp)2}
(A =8)(B-a)+ 1) .

_+ xG(p+2)—ay(3—2(p+1))—apj(p_l) (7.13)

which apparently completes the proof of Theorem
(7.2).0

Utilizing contentions like those as a part of the
proof of Theorem (7.2), we acquire the taking after
result.

Theorem 7.3. Let the function f(z) characterized by (7.1)
be in the class S*Mu’P(C,y,X,(x,p). assume also that
the function f,(z) characterized by (7.1) be in the class
M, (57,000, p)

Then (£, ® f,)(2) eS'M, ,(@,7,), 0, p), where

2ay(2p+3)-2ap

(p-1)

T

2[5(—1—p)—ay(3+2p)+otpj

(O]

o S(1-p)—
N (2(1 ?) ay(3+2p)+ocp] 14

(A-8)(B-a)+D"

_+ x[%(p+2)—ay(3—2(p+l))—ap)(p—l) _

The outcome is sharp for the functions fj(z)(j=1,2)
given by.

Indian Journal of Science and Technology I 7 -
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fl(Z)=zP—

{2(%(—1—‘0)—&\( (3+2p)+apﬂ
(A=8)(B-a)+D)" Z' (7.15)

[x[%(p+2)ay(32(p+1))apj(pl)]

(peNkeN)

and

fz(z)zzf’—

[2[%(—1—p)—ay(3+2p)+apﬂ
(1 ~8)(B o)+ 1) " (7.16)

*[x(gwav<3z<p+1>>ap]<pl>}

(peNken).

Theorem 7.4. Let the function f].(z)( j= 1,2) characterized
by (7.1) be in the class S*Muyp(o),y,k,a,p).
Then h(z) defined by

©

h<z) =z’ - z (“,2,,1 +ai2)z" (7.17)

n=p+1

belongs to the class S*MW (o,v,A, 0, p) where

~2ay(2p+3)-2ap
(p-1)

{2[2(%(—1—‘0) ay(3+2p +ap)2}] (7.18)
{((K—S)(B—a%l) ] :

+

x(%(p—i—Z)—ay(3—2(p+1))—ap)(p—l)

The outcome is sharp for the functions fj(z)(j = 1,2)
given already by (7.4).

Proof. Refer to

[((2=5)(p—ot)(n—p) 1
Z“’: x(%(nJrl)—ow(S—Zn)—ocp] 7

T

B 8 | vois (32) | November 2015 | wwwindjst.org

2

(T

< i ( (n+1) ocy(3—2n)—ocpj N o, | <1 (7.19)
. (2( 1- p)—ay(3+2p)+ap)

(=12),

For f.(z) ES*MW(T,Y,K,OL,p)(j:1,2), we have

[(0-=8)(p-a)(r-p)+1)

i% x(%(n+1)—ow(3—2n)—apj (ayz,,1+“i,z) (7.20)
_+(§(—1—p)—ay(3+2p)+ap}z_

<l1.

Subsequently, we need to .locate the biggest o such that
1

(%(—1—p)—ay(3+2p)+ap}
[((--8)(p-w)(n-p)+1)
o Zre1)-ar (32|

+{2[%(—1—p)—ocy(3+2p)+ocpj2:|

IA

(n=p+1),(7.21)

that is, that
20 (2p+3)—20p
0=—"F———

(p-1)
2{2(;(—1—p)—ay(3+2p)+apn
((»=8)(B-a)(n—p)+1)' (n=p+1). (7.22)
. x[;(n+1)ay(32n)apj(pl)}

Now, defining a function  (n) by

20 (2p+3) 20p
(p-1)

y(n) =

( — oy 3+2p)+ap]2}

(7.23)
O ((-8)(B-a)(n-p)+1)

n+1 ocy3 Zn) otpj(p—l)

n>p+1
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we

observe that (n) is an expanding function of n. We

reason that

2ay(2p+3)—2ap

(p-1)
(
ZL(
(x §)(B-a +1)

[ (p+2) ay(3—2(p+1))—ap](p—1)

ay(3+2p)+apjj

(7.24)

1

which is ended the proof of Theorem (7.4). O
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