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Abstract

Objectives: To remove the hesitation thatappears in choosing membership degree of an element from some possible values.
Methods: Through Intuitionistic Fuzzy Graph and Intuitionistic Double Layered Fuzzy Graph, we developed a new graph
to represent the hesitancy degree. Findings: Further we have proved some theoretical concepts and principle properties
which have the roots from Double Layered Fuzzy Graph and Intuitionistic Double layered Fuzzy Graph. Conclusion: In this
paper,a new fuzzy graph called Hesitancy Fuzzy Graphs (HFGs) is introduced.
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1. Introduction

Fuzzy set theory was introduced by'. Most of the real
world problems are extremely complex and contain vague
information. In order to measure the lack of certainty,
further development to Fuzzy sets was introduced by’
and he named it as Hesitant Fuzzy Sets (HFSs). HFSs are
motivated to handle the common difficulty that appears
in fixing the membership degree of an element from some
possible values. This situation is rather common in decision
making problems too while an expert is asked to assign
different degrees of membership to a set of elements {x, y,
z,...} inaset A. Often problems arise due to uncertain issues
and situations hence one is faced with hesitant moments.
The researcher had to find ways and means to take the
problems and arrive at a solution. Therefore researchers
have taken up the study and application of HFS. HFSs have
been extended* from different perspectives such as, both
quantitative and qualitative.

The aim of this paper is to construct a new graph called
Hesitancy Fuzzy Graphs (HFGs) and also to discuss some
basic concepts, notations, remarks, proofs related with
Hesitancy Fuzzy Graphs (HFGs).

* Author for correspondence

The paper is organised as follows. Section 2 focuses
on the concept of Fuzzy Graphs (FGs) and some basic
definitions on Fuzzy graphs. Section 3 introduces the new
graph called Hesitancy Fuzzy Graphs (HFGs), and deals
with some basic notations and theoretical validation of
Hesitancy Fuzzy Graphs (HFGs) followed by conclusion
in section 4.

2. Preliminaries

Fuzzy graphs were introduced by®. The following provides
its definition®¢, which will be needed throughout the

paper:

Definition 1

Let V be a non empty set. A fuzzy graph is a pair of
functions G : (o ,u) where o is a fuzzy subset of V, yu is
a symmetric fuzzy relation on ¢ . i.e., 0: V - [0, 1] and
u:VxV—>[0,1] such that u(u, v) < o(u) » o(v) for all
u, v in V. The underlying crisp graph of the fuzzy graph
G: (o, p) is denoted as G™: (0", n) where o" is referred
to as the nonempty set V of nodesand u=EC V x V.
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The crisp graph (V, E) is a special case of the fuzzy graph
G with each vertex and edge of (V,E) having degree of
membershipl.

Definition 2
A fuzzy graph G : (o, ) is said to be a strong fuzzy graph
ifu(x,y)=0(x)ro(y) foral (x,y)iny .

Definition 3
A fuzzy graph G : (o, p) is said to be a complete fuzzy
graphifp (x,y) =0 (x) Ao (y) forallx,yino".

Definition 4

Let G: (0, w) be a fuzzy graph. The complement of G is
defined as G: (o, 11) where

o =0 and p(u,v) = o(u) A o(v) - u(u,v) forevery u, vE a.

3. Hesitancy Fuzzy Graph

In this section, we define a new fuzzy graph called
Hesitancy Fuzzy Graph and various properties have been
studied.

Definition 1

A Hesitancy Fuzzy Graph is of the form G = (V,E), where

e V={v,v,v,...v}such that p:V>[0,1]y;: V->[0,1]
and B: V->[0,1] denote the degree of membership,
non-membership and hesitancy of the element v, &
V respectively and

1 (%) +,(v) + B (v) = 1

for every v.€ V, where p (v) = 1-[p, (v)) + y, (v)] and

(1)

«  EC VXV where p: VxV 5[0,1], y,: VXV >[0,1] and

B,: VXV >[0,1] are such that,

, (v,v) < min [, (v), 1,(v)] 2)
Y,(Vpv) < max [y, (v), y,(v)] (3)
B,(v,v,) < min [B,(v,), B,(v)] (4)
and 0 <y, (Vi,Vj) +Y, (Vi,Vj) +B, (Vi,Vj) <1 for every (Vi,Vj) €
E. (5)
(see Example 1, Figure 1).

Example 1

In this example, we obtained the new graph called
Hesitancy Fuzzy Graph using the above mentioned
(Definition 1) properties.

Consider G = (V,E), where V = {a,b,c,d}
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0.2,0.5,03)a b(0.3,0.6,0.1)
>
Qo
(0.1, 0.3, 0.3) o 0.1,0.5,0)
(0.3,0.4,0.3) ¢ d(0.2,03,0.3)
(0.1,0.2,0.2)

Figure 1. Hesitancy Fuzzy Graph

Example 2
Consider a HFG, G = (V,E) with V = {a,b,c,d}
(03,04, 0.1)

(04,03,03)a b(0.3,0.5,0.2)
(0.4,0.1,02) (0.3,0.3, 0)
(0.5,0.2,0.3) c d(0.6,0.4,0)
05,023, 0)

Figure 2. Hesitancy Fuzzy Graph.

Example 3
Consider a HFG, G = (V,E) with V = {a,b,c}

a(0.4,02,04)

(03,02,0) (03,02,0.1)

(06,02,0.2)b ¢(0.7,0.1,02)

(0.4,02,0.1)

Figure 3. Hesitancy Fuzzy Graph.

Example 4
Consider a HFG, G= (V,E) with V={a,b,c,d}

(04,03,03)a (02,04,02)  1(03,05,02)
)
(0.1,0.5,0.2) o (0.2,04,0.1)
N
@_.
(02,06,02)d 4 4 €(0.7,0.2,0.1)

Figure 4. Hesitancy Fuzzy Graph.
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3.1 Notations
Here <v, W, y,, B,> denotes the vertex, degree of
membership, non-membership and hesitancy of the
vertex v.

Also <e, W, Y, P> denotes the edge, degree of
membership, non-membership and hesitancy of the edge
relation €= (Vi,Vj) on V.

3.2 Remark

« LIfB,=0foreveryi, then the Hesitancy Fuzzy Graph
(HFG) becomes Intuitionistic Fuzzy Graph (IFG).
Then we can call the IFG as perfect IFG.

o 2. If one of the inequalities (1) or (2) or (3) or (4) or
(5) is not satisfied, then G is not an HFG.

Definition 2

A HFG G = (VE) is said to be a y-strong HFG ify,, = min

(1, l'llj)’ for all (v, vj) € E.

min(f , [SU.), for all (v, Vj) € E. Example 7

(0.3,0.5,0.2)

(0.4,0.3,0.3) (0.3,0.5,0.2)
%
(0.2,0.6,0.2) NS (03,0.5.0.1)
o7
(0.2,0.6,0.2) 4 4 (0.7.0.2,0.1)

Figure 7. B-strong Hesitancy Fuzzy Graph.

Definition 5
AHFG, G = (V,E) is said to be a strong HFG if,
My = min (i, ;)

Yy = max(y,, y,)
[32ij= min(f,, [Blj), for all (v, Vj) € E.

Example 5
(0.3,04,0.3)
(0.4.03.03) (0.3,05.0.2)
(02,05.0.3) N (0.3,03.0.2)
®
(0.2,0.6,0.2) L (0.7.0.2,0.1)

Figure 5. p-strong Hesitancy Fuzzy Graph.

Definition 3

AHFG, G = (V,E) is said to be a y-strong HFG if Yy; = max

(v, ylj), for all (v, Vj) € E. Example 6

(0.3,0.5,0.3)

(0.4,0.3,0.3) (0.3,0.5,0.2)
™
e
(0.2,0.6,0.3) o (0.3,0.5,0.2)
3
&
(0.2,0.6,0.2) «  (0.7,0.2,0.1)

Figure 6. Y-strong Hesitancy Fuzzy Graph.

Definition 4

A HFG, G = (ViE) is said to be a p-strong HFG if B, =
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Example 8

Consider HFG, G = (V,E) with vertex V = {a,b,c,d}
(0.4,0.3,0.1)

(0.4,03,03)a b(0.5,03,0.1)
W)
2
Q.
02,04,03) () (0.3,0.5,0.1)

(0.2,04,04)d ¢ (0.3,0.5,0.2)

0.2,05,0.2)

Figure 8. Strong HFG.

Definition 6
Let G = (V,E) be an HFG, then the complement of the
HFG is a HFG, G(V,E) where

V= V’(i'e-’)ﬁ;u = /’Lli;’yili = 71i;61i = ﬂli
and

/“LZij = min(/lli > lulj) - /“LZij >

/721‘]' :min(%i > 71]) - ’yzij and

ﬁzij :min(ﬂl,»,ﬂlj) - BZij vvi’vj ev
Example 9

Based on the above principle concepts we proved one
basic theoretical proof as follows:
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(0.3,0.1,0.3)

(04,02,04)a b(0.4.0.3,0.3)
(0.2,0.4,0.1)

0.6,01,03)d c(03.0.5,02)

(0.4,0.2,0.3)
(0.4,02,04) a b(0.4,0.3,0.3)
)
oy
(0.4,0.1,0.3) @_u-.“‘ @,ﬁ (0.3,0.4,0.2)
.\fﬁ.{}
(0.6,0.1,0.3)d “1c(03,05,02)
(0.3,0.2,02)

Figure 9. Complement of the Hesitancy Fuzzy
Graph.

Theorem 1

If G is a strong HFG, then G is also a strong HFG.

Proof:
Case (i): if uv € E, then

1, (uv) = min(p, (u), 16, (v)) — 1, (uv)
=min (/1/1 (u), Hy (v))—min (/’Ll (u), Hy ()
=0.

~, (uv) = max(y, (), 7, (v)) — 7, (uv)
=max (’71 (u), " (V)) —min (’71 (u)) " (V))
=0.

3, (uv) = min(8, (u), 3, (v)) — 3, (uv)
=min (3, (u), 3,(v)) —min (5, (u), 5,(v))
=0.

Case(ii): If uv & E,Then

1, (uv) = min(p, (), 16, (v)) — 1, (uv)
= min(;ul (u)) 2 (V))

v, (uv) = max(y, (), 7, (V) — 7, (uv)
=max (71 (u), "N )

Thus if G is a strong HFG, then G is also a strong

HFG.
Hence Proved.

Definition 7

AHF G, G = (V,E) is said to be a p-complete HFG if Wy =
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min (pn, plj), for all VoV, e V.

Example 10

0.4,0.2,0)

(04,02,04) a

(0.4,02,0.3)

(0.6,0.1,03)d

b(0.4,03,0.3)

(0.3,0.1,0.1)

¢(03,05,02)

0.3,0.5,0.2)

Figure 10. p-complete Hesitancy Fuzzy Graph.

Definition 8

A HFG, G = (V.E) is said to be a y-complete HFG if y,, =

max (y,, ), forall v, v.€ V.

Example 11

(0.4,03,0)

(0.4,02,0.4) a

(0.4,0.2,0.3)

(0.6,0.1,0.3)d

b(0.4,03,0.3)

(03,05, 0.1)

¢(0.3,0.5,02)

Figure 11.

Definition 9

A HFG, G = (V;E) is said to be a f-complete HFG if B, =

(0.3,0.5,0.2)

Y-complete Hesitancy Fuzzy Graph.

min(f , BU), forall v, VjE V. Example 12

(0.4,0.2,0.3)

(0.4,02,0.4) a

(0.4,0.1, 0.3)

(0.6,0.1,0.3)d

@.

)

N

- /a__,)
',

.vﬁ

&

b (0.4,0.3,0.3)

(0.3,0.4,0.2)

¢(0.3,0.5,0.2)

(03,0.2,0.2)

Figure 12. P-complete Hesitancy Fuzzy Graph.

Definition 10

A HFG, G = (V,E) is said to be a complete HFG if,

My = min (W, t,)
Vo= max(y,, v,)

B, =min(B,, p,) forallv,v.€ V.
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on this graph we will develop the other valid theoretical
concepts with more examples.

Example 13
(0.3,0.4,0.1)
(0.4,03,0.3)a[ N7, b(0.3,0.5,0.2)
7
g
(0.4,0.1,0.2) (0.3, 0.3, 0)
ar
C:.
D
(0.5,0.2,0.3) c L& d(0.6,04,0)
(0.5, 0.3, 0)

Figure 13. Complete Hesitancy Fuzzy Graph.

4. Conclusion

In this paper we have defined a new fuzzy graph called
Hesitancy Fuzzy Graph (HFG) and illustrated with some
examples. Also some related results have been studied and
proved. These particular graph aggregate the hesitation
degree raised from the human intuition in decision
making process. It is an extension of known Intuitionistic
Double Layered Fuzzy Graph’. In an upcoming article
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