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Abstract
Objectives: In this paper, we apply the concept of pure fractions to create a mathematical model for the control of 
Thalassemia disease. Methods: The theory of pure fractions has generated various properties that make it suitable for 
formalizing the uncertain information upon which medical diagnosis and treatment is usually based. In this study we use 
pure fraction to generate a mathematical model for Thalassemia disease diagnosis. Findings: Thalassemia disease is one 
of the medical problems which could be controlled by premarital screening. This disease has major sign and symptoms in 
the first year of life. The objective of the work is to diagnose Thalassemia using pure fractions. The proposed model would 
help the health center to automate Thalassemia risk in future generation and to improve the medical care. Application: 
The proposed method is apply to various other genetic diseases such as G6PD deficiency etc.

1.  Introduction
Thalassemia is also known as Cooley’s Anemia and 
Mediterranean Anemia, see the following references1–4 
for more on studies of the Thalassemia-gene, and 
references5–11 for an introduction and complication of 
Thalassemia disease in children. In this paper, we use 
partial fractions to create a mathematical model for 
Thalassemia disease diagnosis. The rest of the paper 
is organized as follows: in Section 2, definitions and 
propositions of pure fractions are described. In Section 3, 
define intervals for Thalassemia genes and Section 4, we 
create a mathematical model for Thalassemia disease. Also 
results, discussion and conclusion of the mathematical 
model are given in Sections 5 and 6 respectively.

2.  Preliminaries
The theory of pure fraction originates from the work on 
the application of fuzzy sets12. In this section there are 
a number of definitions and propositions are defining 
which will be used for the control of the transmission of 
Thalassemia disease. In this section, we will give some 
known and useful definitions and notations regarding 
pure fractions. See13 for the definitions and notions of 
pure fractions. 

Definition 2.1 If s is called a pure fraction define in the 
unit interval [0,1] then s can be represented in the form:

	

1rs a
a

+ -=
	

Where r ∈[0,1] and α is a positive real number.
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Definition 2.2 Reducibility of the pure fractions is 
generated by the two subintervals of [0,1],  i.e., irreducible 
pure fractions are defined in the subinterval 1[0, ]2  and 
reducible pure fractions are defined in the subinterval 
1[ ,1]2 . Let R+ is the set of non-negative real numbers, then 

for a given pure fraction and a positive real number α, we 
define r[α] by:

	 [ ] 1: rr a a
a

+ -= 	 (1)

Every pure fraction can be represented in the form (1).  
If r[α] ∉ [0,1) then it is called indeterminate. 

Definition 2.3 A given pure fraction has more than 
one representation of the form given by form (1). Then we 
call α the index of s relative to r, denoted by i(s,r). Thus, 
from (1),

	

1( , )
1

ri s r
s
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- 	

Proposition 2.1 Let s,r,t ∈[0,1] and α,β ∈ R+, then we 
have the following properties:

	1.	 t = r[α] ⇔ α = i (t,r)
2.	 r1 = r  and 1[α] = 1.
3.	 r[α]<r[β] whenever α < β and i(t,r) < i(u,r) whenever 
4.	 (r[α])[β] = r[α β] = r[β α].
5.	 i(t, r) = i (r, t)-1.

Proof
For the proof of all properties see13.
Definition 2.4 When s = r[n] and n is a positive integer, 

we call s a power of r, and r a root of s.
Definition 2.5 Two sequences {xn} and {yn} of pure 

fractions are said to constitute a Genetic Remediation 
Scheme (GRS) if:

•	 x1 is reducible.
•	

12 , 1,2,...m my x m
é ùê úë û= =

•	 ( )1
1 .
2m m mx x y+ = +

•	 The iteration stops when xNis reducible for some posi-
tive integer N

Theorem 2.1 The sequences {xm} and {ym} of pure 
fractions that constitute a GRS are decreasing and finite. 
In addition, for each k such that {yk} is reducible we have 

12
1k my y

é ùê úë û
+ ³ .
Prove. It is given that there are two sequences with a 

GRS property, then we have yk such that:

12 2 1<2k k k k k ky x x x x x
é ùê úë û= = - - =  

12 2 1k kx x
é ùê úë û = - 	

	
( )1

1 < .
2k k k kx x y x+ = -

	
Therefore, from Proposition 2.1, we have
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Therefore, the given sequences are decreasing. 
To prove the given sequences are reducible we have

	 yk < xk 	

	

( )
1 12 2

1
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Whenever yk is reducible.
Therefore, both the sequences are decreasing and 

reducible.
Now to prove the given sequences are finite let us 

suppose that there exist no positive integer Nsuch that xk 

is irreducible. Then 1 , .
2kx n³ "

Previously we have shown that both the sequences are 
decreasing and reducible or bounded, hence both the 
sequences are converging to some pure fractions.

Hence xk converges to some pure fraction s and yk 
converges to some pure fractions t.

Consequently,

	
1

1 1
2( 2( )n n

n n n

s lim x lim y
x s t+

¥ ¥

ö÷÷= = + =÷÷ +ø


 	
Thus 	 s = t	 ...(2)

	
2( 1) 2 1n n

n n
t lim y lim x s

¥ ¥
= = - = - 

	

?  EMBED Equation. 3 ?  ?  ?                               s = 1

since	 s ≤ x1 < 1	

Therefore, we have a contradiction. It completes the 
proof. 

3. � Thalassemia and Pure 
Fractions

The present work introduces a simple and effective 
methodology for Thalassemia diagnosis based on the 
theory of the pure fractions. The developed methodology 
is suitable for application in a much wider range of 
Thalassemia disease. We define the concept of pure 
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fractions relevant to the considered genetic diseases T 
(Thalassemia). In this article a mathematical model is 
created to handle the prevalence of the thalassemia gene 
in which the concept of reducibility of pure fractions is 
used.

Since Thalassemia gene is inherited by the children in 
a recessive manner. Then from Principles of Inheritance14 
(Mendel’s Laws) Genetic mutations can occur in the gene 
that codes for normal Hemoglobin A (HbA). Thalassemia 
is an example of such a mutation. The disease is mainly 
due to the production of abnormal Hemoglobin a (Hba) 
instead of Hemoglobin A, and it occurs in people who 
are homozygous for the recessive Thalassemia major 
gene (aa) pair. Therefore, to understand the occurrence 
of Thalassemia disease on an individual having a gene 
known as the Thalassemia gene and a genotype known 
as the Thalassemia genotype (aa). There are three types of 
genotypes encountered in studies of Thalassemia disease. 
They are called AA, Aa, and aa. The effect of genotype AA 
is that the carrier has no a-gene, no fear of ever developing 
Thalassemia disease, and no fear of ever transmitting the 
a-gene to offspring. The carrier of the genotype Aa is a 
heterozygote who cannot suffer from Thalassemia disease, 
but can transmit the a-gene to offspring. The carrier of the 
genotype aa is called a Thalassemia major. Such a person 
will surely develop Thalassemia disease over time and will 
surely transmit the a-gene to offspring. In this article pure 
fractions representing genotypes are only probabilities of 
possession and transmission of the gene. The genotypes of 
Thalassemia disease are represented by the pure fractions 

10,
2

 and 1 corresponding to AA, Aa, and aa respectively.

Consider a Thalassemia disease T and a gene G 
responsible for the disease T. As done in fuzzy logic for 
truth values Nguyen and Walker15, we imagine every 
number in the unit interval [0,1] as representing a possible 
genotype for G That is, each pure fraction s ∈[0,1]measures 
a corresponding degree of possession and transmission 
of the gene G by an individual denoted by X. We note 
here that the pure fraction s can also be thought of as the 
probability of possession and transmission of the gene 
G by the individual denoted by X. A person with a “high 
incidence” of the gene G is defined as someone who has a 
genotype falling in the subinterval )2

1 ,12I é= êë  A person 
with such a genotype may suffer from discrimination 
when selecting a spouse. However, we make the 
assumption that such an individual would like to have a 
spouse so that their descendant of some future generation 
would be more fortunate and would have a genotype of 

G that does not fall in subinterval I2. Such an individual 
is a descendant with a “low incidence” of G and has a 
genotype that falls in the subinterval )1

10, .2I é= êë  Based 
on what is stated above, we will devise a mathematical 
model, where an individual with a high incidence of the 
gene G can be matched with the appropriate spouse so 
that a future descendant can have a low incidence of the 
gene G. Since our model is intended for a general genetic 
disease, we have assumed, as done in fuzzy logic for truth 
values. Thus, every pure fraction s is a possible genotype 
for the Thalassemia disease T.

4. � Mathematical Model for 
Thalassemia Disease

In the research now a day’s several kind of model are 
used for disease diagnosis such as16 used weight based 
k-means algorithm is developed for identifying the 
leukemia, inflammatory, bacterial or viral infection, 
HIV infection and pernicious anaemia diseases from the 
hemogram blood test samples data set. Also17 proposed 
a work uses the benefits of genetic algorithms and fuzzy 
inference system for effective prediction of heart disease 
in patients. In this section, the theory and properties of 
pure fractions are used which are defined by Eke in 2008. 
Let us suppose that G denote a gene which is responsible 
for the Thalassemia disease T. Also, there is a function T : 
H →[0,1], such that the following assumptions are satisfied 

•	 For a “genotype” t = T (X) the followings are holds:

i.	 t = 0 ⇔ X is completely free of the gene G.
ii.	 )10, 2t XéÎ êë  has a “low incidence” of gene G. 

iii. )10, 2t XéÎ êë  has a “high incidence” of gene G.

•	 If t = rn, then r is also in the range of T.
•	 The genetic structure of an individual is proportional 

to that of his/her parents X0 and Y0 , hence

	
( )

( ) ( )0 0T X
2
T Y

T X
+

=
	

•	 If both parents T(X0)and T(Y0) are in danger of the 
Thalassemia disease T then an individual Y will not 
accept X for a marital partner if

	
( ) ( ) ( )

1 12 2
0 0<min T X T YT Y

é ù é ùê ú ê úë û ë ûæ ö÷ç + ÷ç ÷÷çè ø 	
Since we have the function T : H →[0,1], then we can 

set the condition “marital connections” such that an 
individual X with genotype T(X)∈[0,1] can be “tolerated 
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for marriage” by an individual Y only if they can have a 
descendant Z such that ( ) 10, 2T Z é ùÎ ê úë û . 

Now to solve the problem “marital connections” 
suppose that for the any positive integer n , and x=T(X), 
{Xn}and {Yn} are the sequences of individuals with their 
genotype sequences {Xn}  and {Yn}. 

	
( ) ( ) ( )

1 12 2

n n<min T X T YT Y
é ù é ùê ú ê úë û ë ûæ ö÷ç + ÷ç ÷çè ø 	

Case-Study
Suppose that X1 be an individual such that x1=T (X1), 
where x1 is reducible. Then x1 generates a GRS (Genetic 
Remediation Scheme), it has two finite sequences {x1, x1, 
..........., xN}[x]↓2,... ... ... . ,x↓N} and {y1, y1,..........., yN-1}, ∃ 
two corresponding sequences of humans {X1, X1,..........., 
XN} and {Y1, Y1,..........., YN-1}. Also for m = 1,2,3...........N 
- 1, Ym is assumed to be the spouse of Xm and Xm+1 is 
assumed to be an offspring of  Xm and Ym satisfying, 

	
( ) ( )1 1

1
2m m m mT X x x y+ += = +

	
xm and ym are reducible therefore, we have

	
( )1 12 212

1 mmin ,m m mx y x y
é ù é ùê ú ê úë û ë ûé ùê úë û

+ ³ =
	

Example 4.1 Let 1 1 2
15 ;
17

x x I= Î  Can be a pure fraction 

associated with an individual X. Then the following steps 
can be taken to find out the descendant: 

It is given that

	

1

12

1

15
17

2 1
13
17

m m m

x

y x x

y

é ùê úë û

=

= = -

 =



	
Here, Iteration is given in the following Table 1.

5.  Results and Discussion
We constructed the Pure Fractions for the control of 
Thalassemia disease. Example 4.1 has been taken to 
exhibit the simplicity of the technique.  Through the 
computed iteration see Table 1, we have xm such that 
for 5

1' 5, <
2

N x= , hence x5 ∈ I1. Therefore, after the V-th 
generation X1 and Y1will have the descendant X5  who has a 
“low incidence” of the Thalassemia gene G with genotype. 
The motivation for the development of the mathematical 
model in Section 4 is the study of the genotypes for 
Thalassemia disease which is a genetic disease. For the 
general genetic disease D, the people in danger are those 
with the gene-types )1 ,12x éÎ êë . The genotypes in )1 ,12éêë  
are all reducible pure fractions. The mathematical model 
created in this paper is for the purpose of controlling the 
transmission of genes with “high incidence” genotypes 
to arrive at genotypes )10, 2x éÎ êë  with “low incidence” 
in order to produce heterozygous offspring over future 
generations. The mathematics of pure fractions was 
very convenient for this purpose. The theory of pure 
fractions is quite new in the sense that the authors believe 

Table 1.  Iterations for computing genotype frequencies

Generation
(N′)

xm Subinterval
I1 / I2

ym

i. 1
15
17

x = x1 ∈ I2 1 1
132 1
17

y x= - =

ii. ( )2 1 1
1 14
2 17

x x y= + = x2 ∈ I2 2 2
112 1
17

y x= - =

iii. ( )3 2 2
1 25
2 34

x x y= + = x3 ∈ I2 3 3
82 1

17
y x= - =

iv. ( )4 3 3
1 41
2 68

x x y= + = x4 ∈ I2 4 4
72 1

34
y x= - =

v. ( )5 4 4
1 55
2 136

x x y= + = x5 ∈ I1 Stops
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this work is the first study to formalize and standardize 
special structural properties of pure fractions. The theory 
shows potential for further research and applications. In 
particular the type of Remediation Scheme presented 
by Definition 2.5 and Theorem 2.1 can be modified to 
apply to various other genetic diseases such as Sickle Cell 
Disease (SCD), G6PD deficiency etc.

6.  Conclusion
Thalassemia is silently prevalent in the tribes of 
Chhattisgarh. The prevalence of Thalassemia (in 
heterozygous or homozygous state) in tribal population 
in this region is probably due to selection pressure of 
endemic malaria in this part of India. In these research 
article pure fractions plays a very useful role to control 
the transmission of Thalassemia gene and to create a new 
generation without Thalassemia Major or severe forms of 
Thalassemia gene. 
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