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Abstract

An accurate and vigilant observer is required to evaluate the changes in the nature. In mathematics, introducing a
mathematical modeling to describe a natural dynamical system and a method to compare and evaluate different observers’
perspectives is of utmost importance. Therefore, at the beginning of this paper the concept of topology from the viewpoint
of an intuitionistic observer, which is defined as an intuitionistic fuzzy set, is introduced. Afterwards, the notion of entropy
as a main tool determining the complexity and/or uncertainty of the system related to an intuitionistic observer is studied
and some properties of these notions are proved. In addition, it is proved that the entropy related to an intuitionistic

observer is an invariant object under conjugate relation.
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1. Introduction

Entropy is an important tool in science, especially in
physics and mathematics. It classifies the dynamical
systems according to conjugate relation and measures the
complex behavior of the orbits in a dynamical system as
well. In addition, it measures uncertainty in information
theory and disorders in statistical mechanics. The concept
of topological entropy was presented in 1965 as an
invariant of topological conjugate relation for continues
maps'. Later, Bowen? and Dinaburg® gave an equivalent
definition for topological entropy and this notion was
further extended by the other researchers®®. Molaei,
considering the view that every phenomenon is finally
evaluated by the observers, introduced the relative semi
dynamical systems and relative topological entropy on
the relative semi dynamical systems’®. Relative entropy is
defined as the entropy from the viewpoint of an observer.
Mathematical model for an observer is defined as a fuzzy
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set. Following the concept of fuzzy sets, Atanassov®'
presented and studied the idea of IF sets. Using the idea
of IF sets, some researchers have tried to generalize the
mathematical models''**. The important goal of this paper
is to extend the notions of relative topological entropy,
relative semi dynamical system to relative intuitionistic
entropy and relative intuitionistic dynamical system,
respectively. Consequently, in section 2, the relative
intuitionistic topological space is introduced and some
properties of this notion are investigated. In section 3,
after defining the Relative Intuitionistic Topological (RIT
in short) entropy, it is proved that finer partitions have
bigger RIT entropy and also if ”\” isa cover that is obtained
by joining of the two covers ”0” and ”o” then RIT entropy
” N\ is less than the summation of RIT entropies ” 6”
and ”0”. RIT entropy on relative intuitionistic dynamical
system is introduced in section 4 and it is proved that two
(¢r»>vp) - conjugate functions f and g have the same RIT
entropies.
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2. Relative Intuitionistic
Topological Space

This section has started with some basic definitions of
intuitionistic fuzzy sets and then it has continued with
defining RI topology space while proving its properties.

Definition 2.1

Suppose that X is a set which is nonempty. An Intuitionistic
Fuzzy Set (IFS in short) T in Xis a set with the form,
T = {(x,¢p (%), vp (%)) |x € X} such that [={s({tyl)[reX)
and v, :X —[0,1] are two functions while . denote
the degree of membership and u,indicative the degree
of non-membership of every member x € X to the set T
and for every x € X, the condition (0 < G(x)+up(x) <1
must be true'’.

We show that, the set of all IF sets in X with IFS (X).

Definition 2.2
Consider IF sets I = {(x, (. (x), v (x)) |x € X} and

A ={{x,¢, (x),v, (x))|x € X}. 19 Then:

. TCSAS forevery
x € X, (- (x) <, (x) and v (x) ZVA(X),

e I'=A&T CAand ACT,,

o T¢ ={{x,v.(x),( (%)) | x € X},
o I'm A= {{xinf{¢. (x),(, ()}, supfop (x),v, (x)) |x € X},
o TUA={{x,sup{(; (x),¢, (x)},inflop (x),v, (%)) |x € X}.

The IF sets X, = 0_={(x, 0, ))x EX}and 1_={(x, 1,0
)x € X} in order, are called the empty set and, the set X.

In this essay, we will apply the symbol I'=((;,vy)
instead of T = {(x,(; (x),vp(x)) |x € X}.

Definition 2.3

WedefineanIFset, I' = (;, v} ) asaRelative Intuitionistic
Observer (RIO in short) of set X.

Definition 2.4
Let T'=((,v.) be a RIO of X. Collection 7, v,)of
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subsets of I' ={Cr>vr) is named Relative Intuitionistic
Topology (RIT in short) on X if the collection satisfy in

the following axioms:

1. Xoo{CroUr) € Ty
2.Forevery A, A, €T, )>We have A, NA, € Tomn)?

3. For any family {A |a€el}CrT ,, we have
UA €T

ael (Goser)”

The pair (X, 7, ,)is named a Relative Intuitionistic

Topology Space (RITS in short) and elements of 7, ,are

called (Cr»¥r) - open observer and also A=(Cys0y)isa

{Cravr) - dlosed if A = (v,,¢, ) €T G

Example 2.5

Suppose that, F is the set of all mappings v from N to {0,
1}. Alsolet( : X —[0,1], v: X — [0,1] be defined by:

0 ify(i) =0,foreveryi e N
W) =11 ,

— oW

2

(1 if 9(i) =0,forevery i € N
v(Y) =11

=~ ow

3

Consider T,y = {Xo-(CUh((;>v;) 1 j € N} where

1
)| D=t
] 0 oW

N1
v () = 2327“ if (j) =1
J 1 oW

We check the properties of the definition 2.4 for t
(¢;»v;) C(C,v) Forevery j € N,

(G0N ) = (inflC,C Jhsupo )

>

@)

k

> VO =R =1k >
J

sup{v; (¢), v (¥)} = 232% if P(j) =) =1Lk<j,

1 ow

n
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1

S if p(j)=vk)=1k=>j
inf{¢; (), ¢ ()} = 21‘1“ ift(j)=vk)=1Lk<j
0 o.w

o Let {(¢,»v,): a €} C 7\, B=min{o:a €1} then

U{C,»v,)= <SuP<a’iargUa> . If for every,

o€l acl

s & I; w(S):O then <s(:illa Ca ,lal'éf Ua >(¢) = X@ . If there
exists, s € I such that y(s) # 0 then:

o) i@ =1
fi?g“(w)_{c,w) if $(5) =0’
| ) i =1
iféf“a(w{vr(w) if () =0

Where, r is the first number of I that is greater than f3,
andand y(r) = 1.

Definition 2.6

Suppose that A = (,, u,) is an IFS. Then the interior and
closure of A are defined by:

Int(A)=A°=U {P: PCA, andP is an ({A N ) —open observer},

CI(A) :K:ﬂ{P: Pisan((,\,vA)—closedandAQP}.

Theorem 2.7
Let (X, ,.,)be a RITS and A={(¢,,v,)be an IF

o;
observer. Then A°is <CA>UA> - open observer and

A is (CA,UA> - closed.

Proof
Consider,
] z{a: P, is({A,vA> —open observerand P, CA }

o [e]
A°=UP andP, e1, , o€ T,y and is

ac]
<CF ’UF> -open observer.
Let M :{P: Pis (¢,,v, ) — closedand ACP }

. _ . c _ c\C
ﬂP—<;r€1ﬂf4<p,itelﬂgvp>—<i§5vp,;254p> =(U M)

PeM

. C
SmcengM €T (¢op) SO PQMP is <CA’UA>- closed.

In general, one should pay attention to this point that in
the relative intuitionistic observer approach A= (¢, ,v,)
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is not necessarily a subset of A . The next example proves
our claim.

Example 2.8

Let X={a,b} and { (a) = 0.7, v.(a) = 0.2, { (b) = 0.8, v (b) =

0.1. We show I' = {(0.7, 0.2) , (0.8, 0.1),}.

Consider

Ty = {x,-{(0.7,0.2),,(0.8,0.1), },{(0.5,0.2),,(0.3,0.5), },
{(0.6,0.2)a ,<0.8,0.2>b} {(0.5,0.3),(0.3,0.5),} and B =

(0.8,0.1), (0.4, 0.4),}}.

If BC Gand GCET((F,uF) then Ve (a) must be 0.8 0r 0.9

or 1, that implies A = y_ so A it’s not a subset of A .

Remark If u = 0 then Ty 19 2 relative topological
space. If v = 0, Cr = x,and all the elements of Ty AT€
characteristic function of some subsets of X then (X, Te
o) is a topological space and finally (X, T o) 19 fuzzy
topological space so the notion of relative intuitionistic
topological space is a generalization of the notions of the
relative topological space, fuzzy topological space and

topological space.

Definition 2.9

A RITS (X, T Ur)) is named compact, if every collection

with

{¢",v"):a € T} of elements T,

U(¢",v") = ((r>Ur) has a finite sub collection

a€el

{(¢”,v"): B € P, Pisfinite} such that

U {(¢”,v") = (¢;,v.). Such collection is called a RI
B€pP
open cover for <<A,UA>

Definition 2.10
Suppose that ¢ is a function from a RITS (X, 7 )into

a RITS (Y7 ) Then ¢ is said to be RI continuous
map (RIC map in short) if

0 ()=l G )ohg (o)) € XING (G b o) xE K
97 ()=l (€ )b ™ (0, )x): 1 € XN (e vg (0): k€ Xher

For every A= (GO o M)y €YYE T W)
and ¢ is RI homeomorphism if ¢ is bijection and both ¢
and ¢ are RIC maps.

Since {, u,, {, and u are fuzzy sets, we explain that

P (€)= G (@), 7 (0y) (%) = v, (p(x))

and
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sup vp(x) if o '(y) =2
oup)(y) = 5@4(”

o.w

sup vp(x) if o ' (y) =2
plup)(y) = 66“"71(”

ow

Proposition 2.11

Let I, T, (i € I) be IFSsin X and A, A;(j € J) be IFSs in
Yand ¢ : X — Y be amap then®:

. wil(LfAj):L}Jsofl(Aj),

c e (L)=1,¢7(0)=0_,

cpUT) = Uep(T,),

. SO(LiJFi) = LiJQO(F,-),

P D) =g (D)

Theorem 2.12

Let (X,7( ,,) and (Y,7 ) be RIT spaces and
@: X — Y be a RIC map. If P=((,,0,) is {(vp)
-closed then ™' (P)U((r,vp)is ((, vy ) -closed.

Proof: P =(¢,,v,) is (CA,UA> closed so

Pt = (Up2Gp) € T(¢oun) . Since ¢ is RIC map, therefore
@ 1 (PO) = (i (0,00 (G () N (G ()0 1 ()

=(¢ '(PU (v (x), ¢ (x»)c ET o)
thus ¢~ (P)U<CF,UF> is ((r,vp) -closed.

Theorem 2.13
Suppose that RIT space (X7 0py) 18 compact,

(YaT(gA,UA)) be a RIT space and p: X—Y be an onto
RIC map such that (, op,v, o¢)=(vr,¢(r) then

(Yﬂ'(gA ,UA)) is a compact RIT space.

Proof Let {{¢*,v"):a € I} of elements T(,,) be a RI

open cover for ((y,U, )

aLgJ[((“ 0@, V" 0 ) N(Cr,ur) =(C) 09, 09) NGy vr) = (Crsup)
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therefore {{C" 0 p,v" 0 ) N((p, vy ) :x € I}is a RIO

cover for <CA,UA> Since (X, 7, ) is compact so there

is a finite sub collection
{(¢" 0,0 o) N{(, 1) : B € Q,Qisfinite} such that

HLEJQ@ﬂ O@:Uﬂ 0 ) N{(Cr>vp) = ((r>vp),

Thus

UL opv” 0p)N{Gy 0 pyu, 09) =(Gy 0o vy 09)

Ui op v’ 0g)=(C oo, 09)

This implies

B B\ _
Since ¢ is onto, we conclude that @LEJQ@ 2 07) =(Cas 0y )-

Theorem 2.14
Let (X,7 ,,)be RIT. ¢:X—Yis a map and

T (¢ropmvpop) ={{Gopv,00):  ((Hv;) € T(ér,vr)}

then (Y, 7 ., 00 )isa RIT and ¢ is a RIC map.

Proof
o (GoPnU,00) ET (oo A Xo ©P = Xy ET(opiron
« If (¢, 0.0, 09) and (G, 0., 0 ) belong to
T(Gropavrop) then forany y € Y,
(1 oty oty Gyl ooty =il oot olylhoupl, oty oyl =
(G000 N olyhy oty = (ninfl olyh; olyhsuply o, oglylf =
{nlinfiG G o )y supl, v tow)(y) thus (G opyv,09)N(G 0p 0p)er .,

Ul oy upl oy s o, 00Nl o, 09 € -

3. Relative Intuitionistic
Topological Entropy for
Compact RIT Spaces

In this section, the meaning of RIT entropy is stated and
some interesting theorems about RIT entropies obtained
from refining a cover or joining two covers are proved.

Definition 3.1
Suppose that(X,T(CMr))is a compact RIT space. RIO

cover o is denominated a subcover of RIO cover

Indian Journal of Science and Technology
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0={C"v"):ae L(("v") e  }if o CO.

Definition 3.2
Suppose that « is a RIO cover for ((p,vp), (X, 7, ,,))isa

compact RITS and A(a)denotes the number of elements
of set that is a subcover of o with the smallest cardinality.
We define RIT entropy of the cover a by:

H(a) = log(A(w))-

Proposition 3.3
L4 H(OC) Z 0 >

. H(o)=0iff Ala) =1iff ((v,) €.

Definition 3.4

A RIO cover B is said to be a refinement of RIO cover «,
denoted by & <8, if every member of § is a subset of a
member of p.

Theorem 3.5
If @ <Bthen H(a) < H(3).

Proof Let {B, =(¢',v'):i=1,...,m(B)}be a subcover of
RIO cover f with the smallest cardinality. For every
i €{L,...,m()} there exists A, € asuch that B C A g0

{Al,Azw-’Amm}covers <Cr >Ur>and is a subcover for
Thus A(a) <A(B)

Theorem 3.6
Let : (X, T(Cr,vr)) — (X, T(Cl"’l’r))be a RIC map,

0={¢"v"):ael, ((“,v")e Ty} bea RIO cover
for <CI"UF> then

7 (0) = {{x ™ ()@ W) N G (), v () = (¢ 0" € 6}
0 (0) = {{x. 07 (") x) 0™ (")) N (3, G (x), vp (1)) : (¢ 0") € 6}

is a RIO cover for (Cosvp) N (s ) -

Proof Consider,
x € X, (%07 (¢r)(x), 0 (0 ) (%)) N {x, ¢ (x), v (%) =

(x,inf{G; (%), ¢ ()} sup{oy. (x), v (9(x)})
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0 is a RIO cover for (CF ,Up > s0

G () =sup(¢” (1)} and v (x) = inf{v” (x)}

a€el

We have G (ip(x)) < sup{C” (p(x))} and

a€el

0r (p() > inflo” (p(x)}

Thus
inf{C}. (x), ¢ ((x))} <inf{( (x), sup{C” (p(x))}} <

sup{inf{¢;. (x), o " (¢*)(x)}}

a€cl

and

sup{vy (x), v (p(x))} > SUP{UF(X),iag{UQ (Pl =
i&rélf{sup{vF (x),0 (W) ()}

therefore
UG (00 ()N g™ (€07 "))
= (x,sup{inf{¢; (x), ¢ ((") ()},

a€l

iurg{sup{vr (x), 0 " (W) OH = (Coovp) N (G vp ().

So ¢! (#) is an open cover for

(Crsvp)N ¢7I(<CF’UF>)

Theorem 3.7

If (X7 0)) = (X7 ,,))is a RIC map and 0 is a
RIO cover fOI' <CF,UF>then H(Safl(e)) S H(g)

Proof If 0 = {(¢’,v') :i = 1,...,m(0)} is a subcover of O

with the smallest cardinality, then '
0 (0") ={ v )N (¢ 0Y) =1, m(0))
is a RIO cover for ((,,, v, )N o ! ({¢p,vp)) Hence

Al () <Alp™(07) < A®)

Corollary 3.8

If :(X, Towny) = (X7 ) 18 @ homeomorphism

and 8 is a RIO cover for {C,vr) then
H®) H(e (0)).

Proof H(p ' (9)) < H(6) = H(p(p ' (0))) < H(p ' (9))

Indian Journal of Science and Technology I 5 -
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Definition 3.9

Considerf) = {(¢",v"):a € L,{(",v") €T, }and
o={(¢",v"): Be,

<Cﬂ’ v’ )€ T(Cl‘,vl-)}

which are two RIO covers. The join refinement of 6 and
ois defined by:

Ovo={( v )N v") (¢ €0,(¢%, v ) e o}

Theorem 3.10
Consider two RIO covers
0 ={C",v"):aeL{(",v") € T(Cr»vr)} and

o={(¢"v"):8e] (¢ )€ T ) then®

v o is a RIO cover for (¢, vr)

Proof
U N{C, v ) = (U0 DN (U (0" ) = (o)

acl fe]

Theorem 3.11
Let © and o be two RIO covers for <CF,U1~> then

H(G\/O')SH(Q)-‘FH(O')‘

Proof Let 0'Ch,0'Co , be subcovers of 6 and o and
with the smallest cardinality m and n. Thus
H(0) =logm and H(c) =logn ¢’\/ o' is a subcover of

OV o so HOV o) <logmn=Ilogm+lon=H()+ H(o).

4, Relative Intuitionistic
Topological Entropy on
Relative Intuitionistic
Dynamical System

We begin this section with a definition of Relative
Intuitionistic Topological entropy on relative intuitionistic
dynamical system.

Definition 4.1
Consider RIT space (X, 7, ,)and RIC map

0 (XoT 0) — (X T(CMF)). (X T ) 9) is

denominated a RI dynamical system.

Theorem 4.2

Let {(a,)}5, bea sequence of nonnegative member such
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1
that %+ <& t A for each 5s = 1,2,.., then lim—a,
. 16 n—o0 n
exists ™.

Theorem 4.3

Suppose that § = {(¢*,v"):a € L{(",v") €T, } and

o={(¢",v"): el (¢",v") e (00} are two RIO
covers for (CF UF> and @1 (X7, ) = (T ) is

a RIC map, then

H(p ' (0V o) =H(e ' (0) Ve ' (0))

Proof Let ¢/ —inf{¢*,("} and v = sup{v®,0"}
{(x,inf{¢", ¢ "} (x)), supfo”, v Hep(x))) N (%, ¢ (), vy ()} =
{xinfl¢c™, ¢} (), sup{o 0" Hp()) N (G (), ()} =
{(x,inf{¢" 04, ¢” 0o, H(x),supfo” 0, v” 0 @, v (X))} =
{(x,inf{C* 0 ¢, ¢, }(x), sup{v® o ¢, up H)) N {(x, infl¢” 0 ¢, ¢ Hx),
sup{v” o @, v }(x))}

{(x,inf{¢" 0 ¢, G }(x), sup{v” o, v }(x))}
N(x,inf{C” 0, ¢ }(x), sup{v” 0 o, v }(x))}

Theorem 4.4
Let (X, 7 ,.)-%) beaRI dynamical system and 6 be a

RIO cover for <CF ’UF> then
1 n—1 .
h(p,0) := lim—H('\/0 )]
n—oo g i=
exists.
Proof Let x, = H (”\71@49). For every m,n € N, we have:
i=0
m+n—1 i m—1 i m n—1 i
Xpm =HCV 0 0) <H(V ¢ 0)+ Hp™(V ¢7'0))
m—1 n—1 .
< H( .\_/0 ©'0)+ H(l\_/0 0 '0)=x, +x,

. " .1 .
Thus 1%, }ex is a sub additive sequence so lim —x, exists.
n—oo n

Definition 4.5
h(p) = supfh(p,0) :0 is a RIO cover for (., vy )} is
called RIT entropy of ¢.

Definition 4.6
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Two RIC maps ¢ : (X, 7, ,,) = (X,7 ,,) and

¢: (X, T(cr,q;r)) — (X, T((r,ur)) are said <CF’UF>
-conjugate if there exists a RI homeomorphism
V(X T y) = (X7 ) such that op=go).

Theorem 4.7
If 80 : (X’T(Cr,vr)) - (X’T(Crivr)) and

¢ (X, T ) = (KT ) are (Cprvp ) -conjugate,

then h(p) = h(¢).

Proof Let a be a RIO cover for <CF,UF >

h(¢, ) = lim sup 1 H(’_q\i/; o) =
n o=

n—oQ

— limsup%H(S/;@fi (Y ') = h(p,p ()

n—oo

=lim sup%H(:’\:_/; ¢ W) =h(p,v (@)

n—o00o

Since v is a homeomorphism thus h(¢) = h(¢)
Example 4.8
Let X=R, G :R—=[01,v.:R—[01]andp:R—-R,
and such that:
1 1
— x€Q — x€Q
Cr(x) =12 s up(x) =43 ,
1 x€Q° 0 xe€Q°
x xeQ°
6 = { 0 Q-
Consider

Tiwr) = {Crvr b xo P UG vr) C{Groop) s G (%) =0,
v, (x) =1 if x € Q}. We prove that T( ) is a RIT space

and ¢ is a RIC map.
o If ((,v,)and((,,v,) belong to T, then
<Cl > U1> N <C2 > vz> = <inf{C1 .G hsup{v, v, }>

C{(¢r>vp)andif x €Q then inf{¢, AC,}(x) =0 and
sup{v,, v, }(x) = 1thus((,>v,) N (G5 0,) € Ty

o If {< i’Ui>: i€ I} g T(CF’UF) then

Vol 8 (23) | September 2015 | www.indjst.org

gl< 5> U) = (sup(;, me> (Cr>vr) and1f X €Q

icl

then (supC )(x) =0and (1nf v)(x) =1 Therefore,

1LEJI< ;) € T(erp)

o Let < l.,vl.> € T(¢. vy - For any,

x €R, (¢71(< U NG up ) (x) =

- (¢ (x),v,(x)) x€Q°
sup{v, (¢(x)), v (x)}) = (C0)0,0) xEQ
= (¢ (0),v,(x)
thus ¢ is a RIC map and (R,7_, ),¢) is a RI dynamical
system.

Now let we compute the entropy of RIO covers. Let
6={C",v"):a eI} be a RIO cover for ((r,vp). If

{¢r>vp) does not belong to O then for X € Q we have

(aLejl(C“,va))(x) =

1
<SUPC (x), lnfU (x)> < >¢ <Cr(x)’vr(x)> (E
and a contradiction thus {((p,vp) € 6 and H(H)
HOV ¢ (O)V..Vo " (0) <nH(O) =0 thus h(¢,0) =

)

>

and since 0 is arbitrary, therefore h(¢) =0.

5. Concluding Remarks

In this study some properties of RIT entropy, RIT
entropy on RI dynamical systems were investigated.
Computing RIT entropies could bean interesting subject.
The generators might help us in computing entropies, so
trying to define generators for these entropies could be an
interesting open problem.
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