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1.  Introduction

Entropy is an important tool in science, especially in 
physics and mathematics. It classifies the dynamical 
systems according to conjugate relation and measures the 
complex behavior of the orbits in a dynamical system as 
well. In addition, it measures uncertainty in information 
theory and disorders in statistical mechanics. The concept 
of topological entropy was presented in 1965 as an 
invariant of topological conjugate relation for continues 
maps1. Later, Bowen2 and Dinaburg3 gave an equivalent 
definition for topological entropy and this notion was 
further extended by the other researchers3-6. Molaei, 
considering the view that every phenomenon is finally 
evaluated by the observers, introduced the relative semi 
dynamical systems and relative topological entropy on 
the relative semi dynamical systems7,8. Relative entropy is 
defined as the entropy from the viewpoint of an observer. 
Mathematical model for an observer is defined as a fuzzy 

set. Following the concept of fuzzy sets, Atanassov9,10 
presented and studied the idea of IF sets. Using the idea 
of IF sets, some researchers have tried to generalize the 
mathematical models11-14. The important goal of this paper 
is to extend the notions of relative topological entropy, 
relative semi dynamical system to relative intuitionistic 
entropy and relative intuitionistic dynamical system, 
respectively. Consequently, in section 2, the relative 
intuitionistic topological space is introduced and some 
properties of this notion are investigated. In section 3, 
after defining the Relative Intuitionistic Topological (RIT 
in short) entropy, it is proved that finer partitions have 
bigger RIT entropy and also if  ”λ” is a cover that is obtained 
by joining of the two covers ”θ” and ”σ” then RIT entropy 
” λ” is less than the summation of RIT entropies ” θ” 
and ”σ”. RIT entropy on relative intuitionistic dynamical 
system is introduced in section 4 and it is proved that two 

,z uG Gá ñ - conjugate functions f and g have the same RIT 
entropies.
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2.  �Relative Intuitionistic 
Topological Space

This section has started with some basic definitions of 
intuitionistic fuzzy sets and then it has continued with 
defining RI topology space while proving its properties.

Definition 2.1
Suppose that X is a set which is nonempty. An Intuitionistic 
Fuzzy Set (IFS in short) Γ in Xis a set with the form, 

{ , ( ), ( ) | }x x x x Xz uG GG = á ñ Î such that { , ( ), ( ) | }x x x x Xz uG GG = á ñ Î
and : [0,1]A Xu ®  are two functions while ζΓ denote 
the degree of membership and uAindicative the degree 
of non-membership of every member x ∈ X to the set Γ 
and for every x ∈ X, the condition 0 ( ) ( ) 1x xz uG G£ + £  
must be true10.
We show that, the set of all IF sets in X  with IFS (X).

Definition 2.2 
Consider IF sets { , ( ), ( ) | }x x x x Xz uG GG = á ñ Î  and 

{ , ( ), ( ) | }.x x x x Xz uL LL = á ñ Î 10 Then:

•	 GÍLÛ  for every 
, ( ) ( ) and ( ) ( )x X x x x xz z u nG L G LÎ £ ³ ,

•	 and ,G = LÛGÍL LÍG ,

•	 { , ( ), ( ) | },C x x x x Xu zG GG = á ñ Î

•	 { , inf{ ( ), ( )}, sup{ ( ), ( ) | },x x x x x x Xz z u uG L G LGÇL= á ñ Î

•	 { , sup{ ( ), ( )}, inf{ ( ), ( ) | }.x x x x x x Xz z u uG L G LGÈL= á ñ Î

The IF sets χØ = 0~ = {〈x, 0, 1〉|x ∈ X} and 1~ = {〈x, 1, 0
〉|x ∈ X} in order, are called the empty set and, the set X.

In this essay, we will apply the symbol ,z uG GG =á ñ

instead of
 

{ , ( ), ( ) | }.x x x x Xz uG GG = á ñ Î

Definition 2.3
We define an IF set, ,z uG GG =á ñ as a Relative Intuitionistic 
Observer (RIO in short) of set X.

Definition 2.4 
Let ,z uG GG =á ñ be a RIO of X. Collection ( , )z ut

L L of 

subsets of ,z uG GG =á ñ
 is named Relative Intuitionistic 

Topology (RIT in short) on X if the collection satisfy in 
the following axioms:

1. ( , ), , ,z uc z u t
G GÆ G Gá ñÎ

2. For every 1 2 ( , ), ,z ut
G G

L L Î we have 1 2 ( , ) ,z ut
G G

L ÇL Î

3. For any family ( , ){ | }Ia z ua t
G G

L Î Í  
we have 

( ), .
I a z ua

t
G GÎ

È L Î

The pair ( , )( , )X z ut
G G

is named a Relative Intuitionistic 
Topology Space (RITS in short) and elements of ( , )z ut

G G
are 

called ,z uG Gá ñ - open observer and also ,z uL LL=á ñis a 
,z uG Gá ñ - closed if ( ),, .C

z uu z t
G GL LL =á ñÎ

Example 2.5
 Suppose that, F is the set of all mappings ψ from   to {0, 
1}. Also let : [0,1]Xz ® , : [0,1]Xu ®

 

be defined by:
0 if ( ) 0, for every

( ) ,1 o.w
2

i iy
z y

ì = Îïïï= íïïïî



1 if ( ) 0, for every
( ) 1 o.w

3

i iy
u y

ì = Îïïï= íïïïî



Consider
 

( , ) { , , , , : }j j jz ut c z u z uÆ= á ñ á ñ Î where

1

1 if ( ) 1
( ) ,2

0 o.w
j

j

jy
z y +

ìïï =ï=íïïïî

2 1
0

1 if ( ) 1
( ) 3

1 o.w

j

n
nj

jy
u y +

=

ìïï =ïï= íïïïïî

å

We check the properties of the definition 2.4 for τ(ζ,v).

•	
, ,j jz u z uá ñÍá ñFor every j Î ,

•	 , , inf{ , }, sup{ , }j j k k j k j kz u z u z z u uá ñÇá ñ=á ñ , 

2 1
0

2 1
0

1 if ( ) ( ) 1,
3

1sup{ ( ), ( )} if ( ) ( ) 1, ,
3

1 o.w

k

n
n

j

j k n
n

j k k j

j k k j

y y

u y u y y y

+
=

+
=

ìïï = = ³ïïïïïïï= = = £íïïïïïïïïïî

å

å
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1

1 if ( ) ( ) 1,
2

1inf{ ( ), ( )} if ( ) ( ) 1,
2
0 o.w

k

j k j

j k k j

j k k j

y y

z y z y y y

+

+

ìïï = = ³ïïïïï= = = £íïïïïïïïî

•	 Let ,{ , : }Ia a z uz u a tá ñá ñ Î Í , min{ : }Ib a a= Î then 

, sup , inf
I II

a a a aa aa
z u z u

Î ÎÎ
Èá ñ=á ñ . If for every,

, ( ) 0s I syÎ =  then sup , inf ( )
II

a aaa
z u y cÆÎÎ

á ñ = . If there 
exists, s ∈ I such that ψ(s) ≠ 0 then:

( ) if ( ) 1
sup ( ) ,

( ) if ( ) 0I r

b
a

a

z y y b
z y

z y y bÎ

ì =ïï= íï =ïî
( ) if ( ) 1

inf ( )
( ) if ( ) 0I

r

b
aa

u y y b
u y

u y y bÎ

ì =ïï= íï =ïî

Where, r is the first number of I that is greater than β, 
andand ψ(r) = 1.

Definition 2.6
Suppose that Λ = 〈ζΛ, uΛ〉 is an IFS. Then the interior and 
closure of Λ are defined by:

{ }Int( ) : , and is an open observer ,,z uL LL = L°= -È R RÍL R

( ) { }: , .Cl is an closed andz uL LL =L=Ç R R - LÍR

Theorem 2.7
Let ( , )( , )X z ut

G G
be a RITS and ,z uL LL=á ñbe an IF 

observer. Then
 

,is z uL LL°  - open observer and 
,is z uL LL  - closed.

Proof
Consider, 

{ }: is , open observer andJ a aa z uL L= R - R ÍL . 

( , )J
anda a z ua

t
L LÎ

L° = È R R Î  so ( , )z ut
L L

L° Î  and is 

,z uG G

 
-open observer. 

Let { }: is , closed andM z uL L= R R - LÍR ,
inf , sup sup , inf ( )C C C

M M MM MM

Mz u u zR R R RRÎ RÎ RÎRÎ RÎRÎ

R = á ñ=á ñ = È
 . 

Since ( , )
C

M M
M soz ut

G GRÎ RÎ
È Î Ç R  is ,z uL L - closed.

In general, one should pay attention to this point that in 
the relative intuitionistic observer approach ,z uL LL=á ñ

is not necessarily a subset ofL . The next example proves 
our claim.

Example 2.8 
Let X={a,b} and ζΓ(a) = 0.7, vΓ(a) = 0.2, ζΓ(b) = 0.8, vΓ(b) = 
0.1. We show Γ = {〈0.7, 0.2〉a, 〈0.8, 0.1〉b}.
Consider

( , ) { ,{ 0.7,0.2 , 0.8,0.1 },{ 0.5,0.2 , 0.3,0.5 },a b a bz ut c
G G Æ= á ñ á ñ á ñ á ñ

 { }0.6,0.2 , 0.8,0.2
a b  {〈0.5, 0.3〉a, 〈0.3, 0.5〉b} and B = {{

〈0.8, 0.1〉a, 〈0.4, 0.4〉b}}.
 If B ⊆ G and Gc ∈ τ(ζΓ,uΓ) then ( )CG au  must be 0.8 or 0.9 
or 1, that implies cÆL =  so Λ it’s not a subset of L .

Remark If uΓ = 0 then τ(ζΓ,υΓ) is a relative topological 
space. If υΓ = 0, ζΓ = χX and all the elements of τ(ζΓ,υΓ)  are 
characteristic function of some subsets of X then 

 
(X, τ(ζΓ, 

0)) is a topological space and finally (X, τ(χX, 0)) is fuzzy 
topological space so the notion of relative intuitionistic 
topological space is a generalization of the notions of the 
relative topological space, fuzzy topological space and 
topological space.

Definition 2.9 
A RITS (X, τ(ζΓ, υΓ)) is named compact, if every collection 
{ , : }Ia az u aá ñ Î  of elements τ(ζΓ, υΓ) with 

, ,
I

a a

a
z u z uG GÎ

Èá ñ=á ñ

 
has a finite sub collection 

{ , : , is finite}P Pb bz u bá ñ Î such that

, ,
P

b b

b
z u z uG GÎ

È á ñ=á ñ . Such collection is called a RI 

open cover for
 

,z uL L

Definition 2.10 
Suppose that φ is a function from a RITS ( , )( , )X z ut

G G
into 

a RITS ( , )( , )Y z ut
L L . Then φ is said to be RI continuous

 map (RIC map in short) if 
1 1 1

( , )( ) { , ( )( ), ( )( ) : } { , ( ), ( ) : }x x x x X x x x x X z uj j z j u z u t
G G

- - -
L L G GL = á ñ Î Ç á ñ Î Î

1 1 1
( , )( ) { , ( )( ), ( )( ) : } { , ( ), ( ) : }x x x x X x x x x X z uj j z j u z u t

G G

- - -
L L G GL = á ñ Î Ç á ñ Î Î

For every ( , ){ , ( ), ( ) : }y y y y Y z uz u t
L LL LL = á ñ Î Î

and φ is RI homeomorphism if φ is bijection and both φ 
and φ-1 are RIC maps.
Since ζΓ, uΓ, ζΛ and uΛare fuzzy sets, we explain that

1 1( )( ) ( ( )), ( )( ) ( ( ))x x x xj z z j j u u j- -
L L L L= =  

and
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1

1

( )
sup ( ) if ( )

( )( )
0 o.w
x y

x y
y j

u j
j u -

-
G

Î
G

ì ¹Æïïï= íïïïî

1

1

( )
sup ( ) if ( )

( )( )
0 o.w
x y

x y
y j

u j
j u -

-
G

Î
G

ì ¹Æïïï= íïïïî

Proposition 2.11 
Let , ( )i i IG G Î  be IFSs in X and , ( )j j JL L Î be IFSs in 
Y and : X Yj ® be a map then15:

•	
1 1( ) ( )j jj j

j j- -ÈL = È L ,

•	 1 1(1 ) 1 , (0 ) 0j j- -= =
   

,

•	 ( ) ( )i ii i
j jÈG =È G ,

•	 ( ) ( )i ii i
j jÈG =È G , 

•	 1 1( ) ( )j j- -L = L .

Theorem 2.12 
Let ( , )( , )X z ut

G G
 and ( , )( , )Y z ut

L L
 be RIT spaces and 

: X Yj ® be a RIC map. If ,P PP z u=á ñ
 is ,z uG G

-closed then 1( ) ,Pj z u-
G GÈá ñ is ,z uG G -closed.

Proof: ,P PP z u=á ñ  is ,z uL L

 
closed so

( , ),C
P PP z uu z t

L L
= á ñÎ . Since φ  is RIC map, therefore 

1 1 1( ) , ( )( ), ( )( ) , ( ), ( )C
P PP x x x x x xj j u j z z u- - -

G G=á ñÇá á ñ

1
( , )( ( ) ( ), ( ) )CP x x z uj u z t

G G

-
G G= Èá ñ Î

thus ( )1 , ,P isj z u z u-
G G G GÈ á ñ  -closed.

Theorem 2.13 
Suppose that RIT space ( , )( , )X z ut

G G  
is compact, 

( , )( , )Y z ut
L L

 
be a RIT space and : X Yj ®

 
be an onto 

RIC map such that , ,z j u j u zL L G Gá ñ=á ñ 

 
then 

( , )( , )Y z ut
L L

 
is a compact RIT space.

Proof Let { , : }Ia az u aá ñ Î  of elements ( , )z ut
L L  be a RI 

open cover for ,z uL L .

, , , , ,
I

a a

a
z j u j z u z j u j z u z uG G L L G G G GÎ

Èá ñÇá ñ=á ñÇá ñ=á ñ   

therefore{ , , : }Ia az j u j z u aG Gá ñÇá ñ Î  is a RIO
 cover for ,z uL L . 

Since ( , )( , )X z ut
G G

is compact so there
 

is a finite sub collection
{ , , : , is finite}Q Qb bz j u j z u bG Gá ñÇá ñ Î   such that 

, , ,
Q

b b

b
z j u j z u z uG G G GÎ

È á ñÇá ñ=á ñ  .

Thus 

, , ,
Q

b b

b
z j u j z j u j z j u jL L L LÎ

È á ñÇá ñ=á ñ      .

This implies , ,
Q

b b

b
z j u j z j u jL LÎ

È á ñ=á ñ   

. 

Since φ is onto, we conclude that , , .
Q

b b

b
z u z uL LÎ

È á ñ=á ñ

Theorem 2.14 
Let ( , )( , )X z ut

G G
be RIT. : X Yj ® is a map and 

( , ) { , , :i iz j u jt z j u j
G G

= á ñ
 

  ( , ), }i i z uz u t
G G

á ñÎ
, 

then ( , )( , )Y z j u jt
G G 

is a RIT and φ is a RIC map.

Proof

•	 ( , ) ( , ), , andi i z j u j z j u jz j u j t c j c t
G G G GÆ Æá ñÎ = Î
   

  

 

•	 If 1 1 2 2, and ,z j u j z j u já ñ á ñ     belong to

( , )z j u jt
G G 

, then for any y ∈ Y, 

1 1 2 2 1 2 1 2, ( ), ( ) , ( ), ( ) , inf{ ( ), ( )}, sup{ ( ), ( )}y y y y y y y y y y yz j u j z j u j z j z j u j u já ñÇá ñ=á ñ=       

1 1 2 2 1 2 1 2, ( ), ( ) , ( ), ( ) , inf{ ( ), ( )}, sup{ ( ), ( )}y y y y y y y y y y yz j u j z j u j z j z j u j u já ñÇá ñ=á ñ=       

1 2 1 2 1 1 2 2 ( , ), (inf{ , } )( ),(sup{ , } )( ) thus , ,y y y z j u jz z j u u j z j u j z j u j t
G G

á ñ á ñÇá ñÎ
 

     

1 2 1 2 1 1 2 2 ( , ), (inf{ , } )( ),(sup{ , } )( ) thus , ,y y y z j u jz z j u u j z j u j z j u j t
G G

á ñ á ñÇá ñÎ
 

      .

3.  �Relative Intuitionistic 
Topological Entropy for 
Compact RIT Spaces

In this section, the meaning of RIT entropy is stated and 
some interesting theorems about RIT entropies obtained 
from refining a cover or joining two covers are proved.

Definition 3.1 
Suppose that ( , )( , )X z ut

G G
is a compact RIT space. RIO 

cover σ is denominated a subcover of RIO cover 
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( , ){ , : , , }I ifa a a a
z uq z u a z u t s q
G G

= á ñ Î á ñÎ Í .

Definition 3.2 
Suppose that α is a RIO cover for ( , ), , ( , )

A A
X m nz u tG Gá ñ is a 

compact RITS and ∆(α)denotes the number of elements 
of set that is a subcover of α with the smallest cardinality. 
We define RIT entropy of the cover α  by:

( )( ) log ( )H a a= D .

Proposition 3.3
•	 ( ) 0H a ³ ,

•	 ( ) 0 iff ( ) 1 iff ,H a a z u aG G= D = á ñÎ .

Definition 3.4 
A RIO cover β is said to be a refinement of RIO cover α , 
denoted by a b , if every member of β  is a subset of a 
member of β.

Theorem 3.5 
If a b then ( ) ( )H Ha b£ .

Proof Let  { , : 1, ..., ( )}i i
iB i mz u b=á ñ = be a subcover of

 RIO cover β  with the smallest cardinality. For every
{1, ..., ( )}i m bÎ there exists iA aÎ such that

 i iB AÍ so 
1, 2 ( ){ , ..., }mA A A b covers

 
,z uG G and is a subcover for α. 

Thus
 

( ) ( )a bD £D .

Theorem 3.6 
Let 

( , ) ( , ): ( , ) ( , )X Xz u z uj t t
G G G G

® be a RIC map, 

{ , : ,Ia aq z u a= á ñ Î ( , ), }a a
z uz u t
G G

á ñÎ
 
be a RIO cover 

for
 

,z uG G

 
then

1 1 1( ) { , ( )( ), ( )( ) , ( ), ( ) : , }x x x x x xa a a aj q j z j u z u z u q- - -
G G= á ñÇá ñ á ñÎ

1 1 1( ) { , ( )( ), ( )( ) , ( ), ( ) : , }x x x x x xa a a aj q j z j u z u z u q- - -
G G= á ñÇá ñ á ñÎ

 is a RIO cover for 1, ( , )z u j z u-
G G G Gá ñÇ á ñ .

Proof Consider, 
1 1, , ( )( ), ( )( ) , ( ), ( )x X x x x x x xj z j u z u- -

G G G GÎ á ñÇá ñ=

, inf{ ( ), ( ( ))}, sup{ ( ), ( ( ))}x x x x xz z j u u jG G G Gá ñ .

θ is a RIO cover for ,z uG G so

( ) sup{ ( )} and ( ) inf{ ( )}
II

x x x xa a

aa
z z u uG G ÎÎ

= = . 

We have  ( ( )) sup{ ( ( ))} and
I

x xa

a
z j z jG

Î
£

( ( )) inf{ ( ( ))}
I

x xa

a
u j u jG Î

³ .

Thus 
inf{ ( ), ( ( ))} inf{ ( ), sup{ ( ( ))}}

I
x x x xa

a
z z j z z jG G G

Î
£ £

1sup{inf{ ( ), ( )( )}}
I

x xa

a
z j z-
G

Î

and 

sup{ ( ), ( ( ))} sup{ ( ), inf{ ( ( ))}}
I

x x x xa

a
u u j u u jG G G Î

³ ³
1inf{sup{ ( ), ( )( )}}

I
x xa

a
u j u-

GÎ

therefore
1 1( , ( ), ( ) , ( )( ), ( )( ) )

I
x x x x x xa a

a
z u j z j u- -
G GÎ

È á ñÇá ñ

1, sup{inf{ ( ), ( )( )}},
I

x x xa

a
z j z-
G

Î
=á

1 1inf{sup{ ( ), ( )( )}} , ( , )( ).
I

x x xa

a
u j u z u j z u- -
G G G G GÎ

=á ñÇ á ñ
 

So 1( )j q- is an open cover for
1, ( , )z u j z u-

G G G Gá ñÇ á ñ
.

Theorem 3.7 
If ( , ) ( , ): ( , ) ( , )X Xz u z uj t t

G G G G
® is a RIC map and θ is a 

RIO cover for
 

,z uG G then 1( ( )) ( )H Hj q q- £ .
Proof If ' { , : 1, ..., ( )}i i i mq z u q= á ñ = is a subcover of θ 
with the smallest cardinality, then

1 1( ) { , ( , ) : 1, ..., ( )}i i i mj q z u j z u q- -
G G¢ = á ñÇ á ñ =

 is a RIO cover for 1, ( , )z u j z u-
G G G Gá ñÇ á ñ .

 Hence 
1 1( ( )) ( ( )) ( )j q j q q- - ¢D £D £D

.

Corollary 3.8 
If ( , ) ( , ): ( , ) ( , )X Xz u z uj t t

G G G G
®   is a homeomorphism 

and θ is a RIO cover for ,z uG G

 
then 

( ) ( ( ))H Hq j q .

Proof 1 1 1( ( )) ( ) ( ( ( ))) ( ( ))H H H Hj q q j j q j q- - -£ = £
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Definition 3.9
Consider ( , ){ , : , , } andIa a a a

z uq z u a z u t
G G

= á ñ Î á ñÎ

{ , : ,Jb bs z u b= á ñ Î

( , ), }b b
z uz u t
G G

á ñÎ

which are two RIO covers. The join refinement of θ  and 
σis defined by: 

{ }, , : , , ,a a b b a a b bq s z u z u z u q z u sÚ = á ñÇá ñ á ñÎ á ñÎ

Theorem 3.10
 Consider two RIO covers 

( , ){ , : , , }Ia a a a
z uq z u a z u t
G G

= á ñ Î á ñÎ  and

( , ){ , : , , }Jb b b b
z us z u b z u t
G G

= á ñ Î á ñÎ  then θ 

∨ σ is a RIO cover for ,z uG G

Proof
( , , ) ( , ) ( , ) , .

I J I J

a a b b a a b b

a b a b
z u z u z u z u z uG GÎ Î Î Î

È á ñÇá ñ = Èá ñ Ç È á ñ =á ñ

Theorem 3.11 
Let θ and σ be two RIO covers for ,z uG G   then

( ) ( ) ( )H H Hq s q sÚ £ + .
Proof Let ,q q s s¢ ¢Í Í , be subcovers  of θ and σ and 
with the smallest cardinality m and n. Thus 

( ) log ( ) logH m and H nq s= =
 
q s¢ ¢Ú is a subcover of 

q sÚ
 
so

 ( ) log log ( ) ( ).H mn m lon H Hq s q sÚ £ = + = +

4.  �Relative Intuitionistic 
Topological Entropy on 
Relative Intuitionistic 
Dynamical System

We begin this section with a definition of Relative 
Intuitionistic Topological entropy on relative intuitionistic 
dynamical system.

Definition 4.1
Consider RIT space ( , )( , )X z ut

G G
and RIC map

( , ) ( , ): ( , ) ( , )X Xz u z uj t t
G G G G

® . ( , )(( , ), )X z ut j
G G  is 

denominated a RI dynamical system.

Theorem 4.2
Let 1{( )}i ia ¥

=  be a sequence of nonnegative member such 

that r s r sa a a+ £ +  for each r,s = 1,2,..., then 1lim nn
a

n®¥
 

exists16.

Theorem 4.3
Suppose that ( , ){ , : , , }Ia a a a

z uq z u a z u t
G G

= á ñ Î á ñÎ  and 

{ , : ,Jb bs z u b= á ñ Î ( , ), }b b
z uz u t
G G

á ñÎ are two RIO 

covers for z uG G  and ( , ) ( , ): ( , ) ( , )X Xz u z uj t t
G G G G

® is 

a RIC map, then
1 1 1( ( )) ( ( ) ( ))H Hj q s j q j s- - -Ú = Ú

Proof Let , ,inf{ , } and sup{ , }a b a b a b a bz z z u u u= =

{ , inf{ , }( ( )), sup{ , }( ( )) , ( ), ( ) }x x x x x xa b a bz z j u u j z uG Gá ñÇá ñ =

{ , inf{ , }( ( )), sup{ , }( ( )) , ( ), ( ) }x x x x x xa b a bz z j u u j z uG Gá ñÇá ñ =

{ , inf{ , , }( ), sup{ , , }( ) }x x xa b a bz j z j z u j u j uG Gá ñ =   

{ , inf{ , }( ), sup{ , }( ) } { , inf{ , }( ),x x x x xa a bz j z u j u z j zG G Gá ñ Ç á  

sup{ , }( ) }xbu j uG ñ

{ , inf{ , }( ), sup{ , }( ) }x x xa az j z u j uG Gá ñ 

{ , inf{ , }( ), sup{ , }( ) }x x xb bz j z u j uG GÇ á ñ 

Theorem 4.4 
Let ( , )(( , ), )X z ut j

G G
 be a RI dynamical system and θ  be a 

RIO cover for ,z uG G  
then

1

0

1( , ) : lim ( )
n i

n i
h H

n
j q j q

- -

®¥ =
= Ú

exists.

Proof Let 
1

0
( )

n i
n i

x H j q
- -

=
= Ú . For every ,m n ÎN , we have:

1 1 1

0 0 0
( ) ( ) ( ( ))

m n m ni i m i
n m i i i

x H H Hj q j q j j q
+ - - -- - - -

+ = = =
= Ú £ Ú + Ú

1 1

0 0
( ) ( )

m ni i
m ni i

H H x xj q j q
- - -

= =
£ Ú + Ú = +

Thus { }n nx ÎN  is a sub additive sequence so 1lim nn
x

n®¥
exists.  

Definition 4.5
( ) sup{ ( , ) : is a RIO cover for , }h hj j q q z uG G= á ñ  is 

called RIT entropy of φ.

Definition 4.6 
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Two RIC maps ( , ) ( , ): ( , ) ( , )X Xz u z uj t t
G G G G

®  and

( , ) ( , ): ( , ) ( , )X Xz u z uf t t
G G G G

®  are said ,z uG G

-conjugate if there exists a RI homeomorphism
( , ) ( , ): ( , ) ( , )X Xz u z uy t t

G G G G
®  such that y j f y=  .

Theorem 4.7 
If ( , ) ( , ): ( , ) ( , )X Xz u z uj t t

G G G G
®  and 

( , ) ( , ): ( , ) ( , )X Xz u z uf t t
G G G G

®  are ,z uG G -conjugate, 

then ( ) ( )h hj f= .

Proof Let α be a RIO cover for ,z uG G . 
1

0

1( , ) lim sup ( )
n i

in
h H

n
f a f a

- -

=®¥
= Ú =

1 1 1

0

1lim sup ( ( )) ( , ( ))
n i

in
H h

n
j y a j y a

- - - -

=®¥
= Ú =

1 1 1

0

1lim sup ( ( )) ( , ( ))
n i

in
H h

n
j y a j y a

- - - -

=®¥
= Ú =

Since ψ is a homeomorphism thus
 

( ) ( )h hj f=
.

Example 4.8 
Let , : [0,1], : [0,1] :X andz u fG G= ® ® ®     ,  

and such that:
11
32( ) , ( ) ,

1 0C C

xx
x x

x x
z uG G

ìì ïï ï Îï Î ïï= =í íï ïï ïÎ Îï ïî î



 

( ) .
0

Cx x
x

x
f

ì Îïï= íï Îïî





Consider

( , ) { , , } { , , : ( ) 0,i i i xz ut z u c z u z u z
G G G G Æ G G= á ñ È á ñÌá ñ =

( ) 1 }i x if xu = Î . We prove  that ( , )z ut
G G  is a RIT space 

and ϕ is a RIC map.

•	 If 1 1 2 2, and ,z u z uá ñ á ñ  belong to ( , )z ut
G G

 then 

1 1 2 2 1 2 1 2, , inf{ , }, sup{ , }z u z u z z u uá ñÇá ñ=á ñ

, and if xz uG GÍá ñ Î
 
then 

1 2inf{ }( ) 0xz zÙ =  and

1 2sup{ , }( ) 1xu u = thus 1 1 2 2 ( , ), , z uz u z u t
G G

á ñÇá ñÎ .

•	 If ( , ){ , : }i i i I z uz u t
G G

á ñ Î Í  then

, sup , inf ,i i i ii I i Ii I
z u z u z uG GÎ ÎÎ

Èá ñ=á ñÍá ñ
  and If 

x Î
 

then 
(sup )( ) 0 (inf )( ) 1i ii Ii I

x and xz u
ÎÎ

= =
. Therefore,

( , ),i ii I z uz u t
G GÎ

Èá ñÎ
.

•	 Let ( , ),i i z uz u t
G G

á ñÎ . For any, 

1, ( ( , ) , )( ) inf{ ( ( )), ( )},i i ix x x xf z u z u z f z-
G G GÎ á ñ Çá ñ =á

( ), ( )
sup{ ( ( )), ( )}

(0), (0)

C
i i

i
i i

x x x
x x

x
z u

u f u
z uG

ìá ñ Îïïñ= íïá ñ Îïî





( ), ( )i ix xz u=á ñ
thus ϕ is a RIC map and ( , )( , , )z ut f

G G
  is a RI dynamical 

system.

Now let we compute the entropy of RIO covers. Let
{ , : }Ia aq z u a= á ñ Î  be a RIO cover for ,z uG Gá ñ . If  

,z uG Gá ñ
 
does not belong to θ then for x Î

 
we have

 
( , )( )

I
xa a

a
z u

Î
Èá ñ =

1 1sup ( ), inf ( ) 0,1 ( ), ( ) ,
2 3II

x x x xa a

aa
z u z uG GÎÎ

á ñ=á ñ¹á ñ=á ñ , 

and a contradiction thus
 

, ( ) 0.and Hz u q qG Gá ñÎ =
  

1 1( ( ) ... ( )) ( ) 0 ( , ) 0nH n H thus hq f q f q q f q- - +Ú Ú Ú £ = =  
and since θ  is arbitrary, therefore ( ) 0h f = .

5.  Concluding Remarks

In this study some properties of RIT entropy, RIT 
entropy on RI dynamical systems were investigated. 
Computing RIT entropies could bean interesting subject. 
The generators might help us in computing entropies, so 
trying to define generators for these entropies could be an 
interesting open problem.
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