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Objectives: The article presents the study of the quadrature formula for the integral with Hilbert's kernel. Methods: The
sub integral function is close to interpolation polynomial on such equally spaced nodes that the values of the Weyl fractional
integral coincide in these nodes for the function and polynomial. At the derivation of a formula, the known values of the
integral are used with Hilbert’s kernel of certain functions, the properties of trigonometric polynomials and the properties
of trigonometric functions Results: The obtained quadrature formulas were tested using Wolfram Mathematica system.
Calculations performed at different values of node number and the order of integration. The values obtained using the
studied quadrature was compared with the values obtained using the previously known formula. Conclusion: The growth
of node number improves by the quadrature formula, the dependence of approximation on the values, is observed. At the
resemblance to the section ends the difference between integral values calculated by different formulas increases.
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1. Introduction

The issues of fractional integration and differentiation are
being studied currently by various authors. In! provides a
new definition of fractional derivative and fractional inte-
gral. In the work? the fractional derivative is regarded as
the generalization of derivatives and integrals of the whole
order. The solutions of fractional integral equations® are
also studied. In* a new approach to fractional integration
and the summary fractional Riemann-Liouville integral
introduced, and some properties are proved.

Earlier in the work®, we determined the form of a
polynomial operator associating trigonometric polyno-
mial with 2m -periodic function, satisfying the following

conditions X (7,1 4,) =Ll ,) , wheret, [, are equidis-

tant nodes at (-7, ), , [ — Weyl fractional integral.

*Author for correspondence

In this paper, we study the quadrature formula for
the integral with Hilbert kernel based on a trigonometric
interpolational polynomial.

The integral similar to

1 ¢ t—x
S(#st) =~ [ $(x)etg——v i called the
Ty 2

X
is Hilbert kernel.

Hilbert’s integral, where CIg

This function has the peculiarity of the first order, there-
fore, an integral will not exist as a nonintrinsic one. This
integral is understood in the sense of Cauchy principal
value, i.e.,

S == [peig = =tim| - [ pretg =24 + -1 [ p(xreig =2
PO= o e =0 oy | PE T T ) eods T

It is known that S(e”‘“;z) =isgnk- e™,
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Lk>0
0,k=0
-1,k<O0

sgnk =

S(coskx;t)=—sinkt, k +1e N ;
S(sinkx;t)=coskt, k € N ;
S(const) =0

Quadrature process for a singular integral with the
kernel of Hilbert type was proposed previously in®, the
methods of error estimates were also considered there.
Radial based Kernel functions developed based on ker-
nel of Hilbert is the core of support vector mapping for
higher dimension representation’”

2. Quadrature Formula Derivation
for the Integral with Hilbert
Kernel

Let’s draw up quadrature formula for the integral with
Hilbert kernel S(1“ ;).

Let’s approximate the desired function by trigonomet-
ric polynomial™:

H()~ @ (1) = %+ " 4, coskt +b, sinkt

>

where

Z P(t,)coskt;,

S ~
(1)

=— Z P(t,)sinki,

j*—n

2jm
2n+1’

Let’s consider equally spaced nodes?, =

j=—-n,n.
Then [“ (@, ;1) =

j p (x)dx+2—jz a, cos k(t - x) + b, sin k(1 —x) [P (x)dx =

0 k=1

—j [a, cosk(t —x) + b, sin k(t—x) [P (x)dx =
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fak cosk(t— x)‘l’”‘(x)dx+z fb sin k(¢ —x)¥P“(x)dx

k=1 0 =2

l\)‘_

=1 =0
2z
1 = L _[ a, cosk(t—x)¥*“(x)dx = (I“a,( coskx)(t) =a k™ cos[ktfﬂ)
27y 2
Similarly

2z
L [ by sin k(e = x)#° (x)dx = b k™ sin (kt —“—”j
75 2 )
Therefore

I“(¢,:0) = ik’“ {ak cos(kt —%)+bk sin[k _TH ).

Let’s consider

S(1°631) =5 [ (1760 s 5=

1 27 g _ a B
E'([ Hk [ak cos[kt—7j+b sm(kt—Tﬂcthdx
" 2” ar x—t o

k| | a, cos| kt——— fctg——dx+ | b, sir
2 D : ( 2 }g y ]

kz:lk—a {—ak sin(kt —%) +b, cos(k —TH (3)

Lets substitute a,, b, by Formula (1) and consider
Formula (2) and (3):

a . —
] (¢n b Z‘) -
=3 LHIZW)COSM cos(k 77] ﬁ,;z’”ﬂt,)sinkt,-sin[k 7“—5[]}:

k=1

2n2+ N ]; ¢(t,); k™ {cos ke, -cos (kt - %[j +sinkt; -sin (kt - a—zﬂﬂ =

2 " n . ) __EZZE .
m};(ﬁ(@);k cos{k(t () 2}

Let’s take into account that

[0%/4
. cos(kt+2)
k=l , then
I°(4,:t) = —z¢(l‘ W ( t (. —t), where
]*—n

_anr
., cos(kt.pzj
WL(0=2) —
k=1
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SUp,t) =

L 2 & . ar 2 . ar
= Zk [7@ ;yﬂlf)cosktj <sm(kt—7)+m/;'¢(tj)sm kt, -cos[kt—Tﬂ =

k=1

—Z¢(t )Zk sm(k(t —t)+%j

/——n

Let’s denote via .

. ar
o " Sin (kt F 2]
¥ = 22—a
= k
In order to prove the existence of S(/“@ ;1) it is

necessary that the series ¥ (t) coincides.

Otherwise the series .. (t) may be presented as the
following one:

in kt . < kt
Wi (1) = 2cos G% - Sin F2sin T 5 08
2 = k” 2 o kK

The convergence of such a series at ¢ # O follows
from the theorem
Theorem

If the series u,(x)+u, (X)+...+u, (x)+..
converges uniformly and if {w} there is a
bounded
series U, (X)W, +u, (x)w, +... also  con-

sequence  of variation, then  the

verges uniformly. If the partial sums of the series
u,(x)+u, (x)+...+u, (x)+..

formly and if the sequence {w } with a limited change is

are limited uni-

close to zero, then the series U, (X)W, +u, (X)w, + ...

converges uniformly.

Then

SUP,;t)=—— Z Pt )Fo-(t,-1).
‘]7—71
Quadrature formula for the integral with Hilbert ker-
nel based on 4,(¢;1)
Let us consider the singular integral with the Hilbert
kernel

S@0 = | drrerg™as
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Let’s approximate a sub integral function ¢(x) by inter-
polational polynomial

p(t)~ A (¢ t)__ Z 10!(¢ ‘. )Z(Zk)a k(=11

j**rl ‘k‘ 1

1% t—x 1% t—x
S@n=5- j Pxctg —=dv = —— j 4,(¢: x)erg ——dv =

1% z[k(x D
- I° k)“ ctg —d -
273 2n +1j,z,l (g )%(’) i
=5 1%( ik e ™ et = iy
Z (¢t )MZI< Yot — j g

It is known that

17 o X . ikt
— j e ctg——dx =isgnke
2 s, 2
Then we get the following formula:

Z 1“(¢3t, )ngn k(ik) e ™.

j——n ‘k‘ 1

S(p0) =

N a ﬂsgnk
Let’s use that (k)" =[k[ e ™ 1,
Lets t—1,=p

—sgnkﬂkp 1[ sgnk+kp]

ngnk(zk)" ’k”*ngnk‘k‘ > sgnk|k|" e =

fel=1 le=1 k=t

ngnk‘k‘ e N

Ji=1

+ip) ngnk‘k‘ [cos(ngnk+kp]+1sm(7sgnk +kpﬂ

et
= z sgnk |k|a [cos (% sgn kj -cos kp —sin (% sgn k) -sinkp +

[k[=1
+isin (a—zﬁsgn kj -coskp +icos (a—zﬁsgn kj -sin kp} =

S ar
=) k"| cos cos kp —sin sinkp +isin coskp +icos sinkp —
2 { ( 2 j - ( 2 ) v [ 2 j v [ 2 j v

k=1

w

—cos[—%j cos(— kp)+s1n( 112 -sin(—kp) — mm(—%) cos(—kp)— zcoq[——j sin(— kp):|

=)k cos(a—”}coskp—sin(a”) smkp+zsm[ j coskp+zcos[ j sinkp —
=l 2 2 2 2
,cos(%)coskp+sin[azﬂj smkp+zsm( 5 ) coskpﬂcos( ) smkp}

=>» k“ {21511’1(0{2 ] coskp+2zcos(l){2 j smkp} 2121( sm[—+kp]
k=1

k=1

Substituting this result, we obtain the quadrature for-
mula for the integral with Hilbert kernel:
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i ! ¢(x)ctgt_7xdx:ﬁ;n1“(¢;t/);k" sin(%+k(t7tj)j
(4).
widely adopted the mentioned results to apply it on
many different mechanical problems'*~.

3. Calculations in Wolfram
Mathematica System

Here are the results of calculations carried out in Wolfram
Mathematica system. This method is often used in calcu-
lations*®.

As for the studied case Weyl fractional integral coin-
cides with the fractional Riemann-Liouville integral, we
compared at first the values of the fractional integral for
the function ¢(t)=sin3, 6t at n=6, a=0,6 calculated accord-
ing to the formula

w1 p(x)dx
Sy e s

to the formula

1°(4,:1) =Zk*a |:ak cos(kl—%j-i—bk Sin[k —%
=1

and calculated according

2)

The results of calculations for ¢(t)=sin3, 6t at n=20,
a=0,6 are shown on Figure 1:

Then we checked the obtained Formula (4) for the
integral with the Hilbert kernel:

2n

1% t—x 2 & . . PP ar 3
g}[qi(x)ctg?dxf +1];I (¢,tj)kzz;k sm( B +k(t t/.)j (4)

In order to calculate the integral with the Hilbert ker-
nel, we used the formula given in'%:

-

—— gty

—Ie

Figure 1. Approximated calculations.

t—x t -

sin(n+1) -sinn
% % (5)

SIn——

2 2n
2n+14=

1% t—x
Ey '!: d(x)ctg de =

Figure 2 shows the values calculated according to
the Formulas (4) and (5) for the function ¢(t)=sin3, 6t

at n=50, and a=0,6 on the section [0.1, 3] with the step
of 0.01. In this case the values /“(; l‘j) are calculated
according to the following formula

b= 1 j- o(x)dx
o T(e) s -0

Figure 3 shows the values calculated according to
the Formulae (4) and (5) for the function ¢(t)=sin3, 6¢

at n=100, and a=0,6 on the section [0.1, 3]. The values
I*(¢;t) are calculated according to the following formula:

Table 1. Compared at first the values of the fractional integral

t 12 10 8 6 4 2 0
137 137 137 137 137 137
I“p 0,1887 0,12625 -0,54124 | 0,07313 | 0,39437 | —0,18985 | —0,41678
.
s . 0,42945 | 0,10006 -0,46314 | 0,05589 | 0,44432 | -0,2055 | —0,37513
I ((pn’t)
t 2 4 6 8 10 12
137 137 137 137 137 137
I“p 0,35012 0,22119 ~0,39345 -0,17624 0,51682 -0,15303
.
0,33181 0,2634 —0,4205 -0,12181 0,46152 -0,03359
I“(p,;1)
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Figure 2. Integral values with Hilbert kernel, n=50, a =0,6.

—
T

Figure 3. The values of the integral with the Hilbert kernel,
calculated according to various formulas.

1°(4,;6) =D k™| a, cos| kt 2T b sin| ke -2
k=1 2 2
Figure 4 shows the values calculated according to the

Formulas (4) and (5) for the function ¢(#)=sin3, 6¢ at
n=100, and a=0,6 on the section [0.1, 3].

N A\ §

15 20 25 Yo

Figure 4. The values of the integral with the Hilbert kernel,
n=100, a=0,6

Figure 5 shows the values calculated according to the

Formulas (4) and (5) for the function ¢(#)=sin3, 6¢ at
n=100, and a=0,9 on the section [0.1, 3].

4. Conclusions

The values obtained using a studied quadrature formula
compared with the values obtained using a previously

Vol 10 (1) | January 2017 | www.indjst.org

known method. The growth of node number of n improves
the approximation, the dependence of the estimate on
values is observed.

: \ . A
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Figure 5. The values of the integral with the Hilbert kernel,
n=100, a=0,9 .

5. Summary

Thus, quadrature formula for an integral with Hilbert ker-
nel based on trigonometric interpolational polynomial
are determined and studied. The check of the formula is
performed using Wolfram Mathematica system. The work
in the system showed that with the increasing number of
nodes n the approximation is improved that is usually
observed for similar tasks.
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