
*Author for correspondence

Indian Journal of Science and Technology, Vol 10(1), DOI: 10.17485/ijst/2016/v10i1/109929, January 2017
ISSN (Print) : 0974-6846 

ISSN (Online) : 0974-5645

Quadrature Formula Study for the Integral 
with Hilbert Kernel based on Trigonometric 

Interpolational Polynomial
Almaz Ferdinantovich Gilemzyanov*, Anis Fuatovich Galimyanov and Chulpan Bakievna                 

Minnegalieva

Kazan Federal University, 420008, Kazan, Kremlevskaya str. 18, Russia; Almaz.fe.gil@gmail.com,
Anis.Fu.Ga12@yahoo.com, Ch.Bakievana.MI@yahoo.com

Keywords: Fractional Integration, Integral with the Hilbert Kernel, Interpolational Polynomial, Polynomial Operator, 
Quadrature Formula, Trigonometric Polynomial, Weyl Fractional Integral

Abstract
Objectives: The article presents the study of the quadrature formula for the integral with Hilbert’s kernel. Methods: The 
sub integral function is close to interpolation polynomial on such equally spaced nodes that the values of the Weyl fractional 
integral coincide in these nodes for the function and polynomial. At the derivation of a formula, the known values of the 
integral are used with Hilbert’s kernel of certain functions, the properties of trigonometric polynomials and the properties 
of trigonometric functions Results: The obtained quadrature formulas were tested using Wolfram Mathematica system. 
Calculations performed at different values of node number and the order of integration. The values obtained using the 
studied quadrature was compared with the values obtained using the previously known formula. Conclusion: The growth 
of node number improves by the quadrature formula, the dependence of approximation on the values,   is observed. At the 
resemblance to the section ends the difference between integral values calculated by different formulas increases.

1. Introduction
The issues of fractional integration and differentiation are 
being studied currently by various authors. In1 provides a 
new definition of fractional derivative and fractional inte-
gral. In the work2 the fractional derivative is regarded as 
the generalization of derivatives and integrals of the whole 
order. The solutions of fractional integral equations3 are 
also studied. In4 a new approach to fractional integration 
and the summary fractional Riemann-Liouville integral 
introduced, and some properties are proved.

Earlier in the work5, we determined the form of a 
polynomial operator associating trigonometric polyno-
mial with 2π -periodic function, satisfying the following 

conditions ))(())(( kkn tItTI ϕαα
±± = , where tk kt  are equidis-

tant nodes at (-π, π), , α
±I  – Weyl fractional integral. 

In this paper, we study the quadrature formula for 
the integral with Hilbert kernel based on a trigonometric 
interpolational polynomial. 
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This function has the peculiarity of the first order, there-
fore, an integral will not exist as a nonintrinsic one. This 
integral is understood in the sense of Cauchy principal 
value, i.e.,
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Quadrature process for a singular integral with the 

kernel of Hilbert type was proposed previously in6, the 
methods of error estimates were also considered there. 
Radial based Kernel functions developed based on ker-
nel of Hilbert is the core of support vector mapping for 
higher dimension representation7–9.

2. Quadrature Formula Derivation 
for the Integral with Hilbert 
Kernel 
Let’s draw up quadrature formula for the integral with 

Hilbert kernel );( tIS ϕα .

Let’s approximate the desired function by trigonomet-
ric polynomial10:
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Let’s substitute ak, bk by Formula (1) and consider 
Formula (2) and (3):
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The convergence of such a series at 0≠t follows 
from the theorem
Theorem
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Quadrature formula for the integral with Hilbert ker-
nel based on );( tAn ϕ

Let us consider the singular integral with the Hilbert 
kernel
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polational polynomial 

[ ( )]

1

1( ) ( ; ) ( ; ) ( )
2 1

j
n n

i k t t
n j

j n k
t A t I t ik e

n
α αφ φ φ −

=− =

≈ =
+ ∑ ∑ .

2 2

0 0

1 1( ; ) ( ) ( ; )
2 2 2 2n

t x t xS t x ctg dx A x ctg dx
π π

φ φ φ
π π

− −
= ≈ =∫ ∫

2
[ ( )]

10

1 1 ( ; ) ( )
2 2 1 2

j
n n

i k x t
j

j n k

t xI t ik e ctg dx
n

π
α αφ

π
−

=− =

−
= =

+ ∑ ∑∫
2

1 0

1 1( ; ) ( )
2 1 2 2

j
n n

ikt ikx
j

j n k

t xI t ik e e ctg dx
n

π
α αφ

π
−

=− =

−
=

+ ∑ ∑ ∫
It is known that 

2

0

1 sgn
2 2

ikx iktt xe ctg dx i ke
π

π
−

=∫
.

Then we get the following formula:

( )

1
( ; ) ( ; ) sgn ( )

2 1
j

n n
ik t t

j
j n k

iS t I t k ik e
n

α αφ φ −

=− =

≈
+ ∑ ∑ .

Let’s use that 
sgn

2( )
i k

ik k e
απ

αα =
 
11. 

Let’s jt t p− =

sgn [ sgn ]
2 2

1 1 1
sgn ( ) sgn sgn

in n nk ikp i k kpikp

k k k
k ik e k k e k k e

απ απ
α αα + +

= = =

= = =∑ ∑ ∑

[ sgn ]
2

1 1
sgn sgn cos sgn sin sgn

2 2

n ni k kp

k k
k k e k k k kp i k kp

απ
α α απ απ+

= =

    = + + + =        
∑ ∑

1
sgn cos sgn cos sin sgn sin

2 2

n

k
k k k kp k kpα απ απ

=

    = ⋅ − ⋅ +       
∑

sin sgn cos cos sgn sin
2 2

i k kp i k kpαπ απ    + ⋅ + ⋅ =        

1
cos cos sin sin sin cos cos sin

2 2 2 2

n

k
k kp kp i kp i kpα απ απ απ απ

=

        = ⋅ − ⋅ + ⋅ + ⋅ −               
∑

cos cos( ) sin sin( ) sin cos( ) cos sin( )
2 2 2 2

kp kp i kp i kpαπ απ απ απ        − − ⋅ − + − ⋅ − − − ⋅ − − − ⋅ − =                

1
cos cos sin sin sin cos cos sin

2 2 2 2

n

k
k kp kp i kp i kpα απ απ απ απ

=

        = ⋅ − ⋅ + ⋅ + ⋅ −               
∑

cos cos sin sin sin cos cos sin
2 2 2 2

kp kp i kp i kpαπ απ απ απ        − ⋅ + ⋅ + ⋅ + ⋅ =                

1 1
2 sin cos 2 cos sin 2 sin .

2 2 2

n n

k k
k i kp i kp i k kpα ααπ απ απ

= =

      = ⋅ + ⋅ = ⋅ +            
∑ ∑

Substituting this result, we obtain the quadrature for-
mula for the integral with Hilbert kernel:
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widely adopted the mentioned results to apply it on 

many different mechanical problems12–17.

3. Calculations in Wolfram 
Mathematica System
Here are the results of calculations carried out in Wolfram 
Mathematica system. This method is often used in calcu-
lations18.

As for the studied case Weyl fractional integral coin-
cides with the fractional Riemann-Liouville integral, we 
compared at first the values of the fractional integral for 
the function φ(t)=sin3, 6t at n=6, α=0,6 calculated accord-
ing to the formula 
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The results of calculations for φ(t)=sin3, 6t at n=20, 
α=0,6 are shown on Figure 1:

Then we checked the obtained Formula (4) for the 
integral with the Hilbert kernel:
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In order to calculate the integral with the Hilbert ker-
nel, we used the formula given in19:

Figure 1. Approximated calculations.
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Figure 2 shows the values calculated according to 
the Formulas (4) and (5) for the function φ(t)=sin3, 6t 
at n=50, and α=0,6  on the section [0.1, 3] with the step 
of 0.01. In this case the values );( jtI ϕα are calculated 
according to the following formula 

1

1 ( )
( ) ( )

t x dxI
t x

α
α

ϕφ
α+ −

−∞

=
Γ −∫

Figure 3 shows the values calculated according to 
the Formulae (4) and (5) for the function φ(t)=sin3, 6t 
at n=100, and α=0,6 on the section [0.1, 3]. The values  
Iα(φ;tj) are calculated according to the following formula:

Table 1. Compared at first the values of the fractional integral
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Figure 2. Integral values with Hilbert kernel, n=50, α =0,6.

Figure 3. The values of the integral with the Hilbert kernel, 
calculated according to various formulas.
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Figure 4 shows the values calculated according to the 
Formulas (4) and (5) for the function φ(t)=sin3, 6t at 
n=100, and α=0,6 on the section [0.1, 3].

Figure 4. The values of the integral with the Hilbert kernel,  
n=100, α=0,6

Figure 5 shows the values calculated according to the 
Formulas (4) and (5) for the function φ(t)=sin3, 6t at 
n=100, and α=0,9 on the section [0.1, 3].

4. Conclusions
The values obtained using a studied quadrature formula 
compared with the values obtained using a previously 

known method. The growth of node number of n improves 
the approximation, the dependence of the estimate on 
values is observed.

Figure 5. The values of the integral with the Hilbert kernel, 
n=100, α=0,9 .

5. Summary
Thus, quadrature formula for an integral with Hilbert ker-
nel based on trigonometric interpolational polynomial 
are determined and studied. The check of the formula is 
performed using Wolfram Mathematica system. The work 
in the system showed that with the increasing number of 
nodes n the approximation is improved that is usually 
observed for similar tasks.

6. Conflict of Interest
The authors acknowledge that the presented data do not 
contain any conflict of interest.

7. Acknowledgements
The work is performed according to the Russian 
Government Program of Competitive Growth of Kazan 
Federal University.

8. References
1. Khalil R, Horani M, Yousef A, Sababhehb M. A new defini-

tion of fractional derivative. Journal of Computational and 
Applied Mathematics. 2014; 264:65–70. 

2. Tenreiro JA, Alexandra MS, Galhano F, Juan J. On devel-
opment of fractional calculus during the last fifty years. 
Scientometrics. 2014; 98(1):577–82.

3. Mofidi H, Hadadifard F. Weights guaranteeing pole-
free barycentric rational interpolation. Indian Journal of 
Science and Technology. 2013; 6(11):56–78.

http://www.indjst.org/index.php/indjst/article/view/40394
http://www.indjst.org/index.php/indjst/article/view/40394


Indian Journal of Science and TechnologyVol 10 (1) | January 2017 | www.indjst.org 6

Quadrature Formula Study for the Integral with Hilbert Kernel based on Trigonometric Interpolational Polynomial

4. Sarikaya MZ, Dahmani Z, Kiris ME, Ahmad F. (k; s)-
Riemann-Liouville fractional integral and applications. 
Hacettepe Journal of Mathematics and Statistics. 2016; 
1(45):77–89.

5. Anis F, Chulpan B. Generalized interpolating polynomial 
operator an. International Journal of Applied Engineering 
Research. 2015; 10(24):45194–202.

6. Islam K, Majumder S. Economic evaluation of Foy’s lake, 
Chittagong using travel cost method. Indian Journal of 
Economics and Development. 2015; 3(8):15–21.

7. Rastegar S, Babaeean A, Bandarabadi M, Bahmaniar G. 
Metric distance transform for kernel based object track-
ing. 41st Southeastern Symposium on System Theory; 2009 
Mar. p. 54–8.

8. Babaeian A, Rastegar S, Bandarabadi M, Erza M. Modify 
kernel tracking using an efficient color model and active 
contour. 41st Southeastern Symposium on System Theory; 
2009 Mar. p. 59–63.

9. Tashk ARB, Babaeean A, Dadashtabar K, Khodadad FS. 
A new gradient based algorithm for kernel machine clas-
sifier. In 40th Southeastern Symposium on System Theory 
(SSST); 2008 Mar. p. 212–4.

10. Cui MG, Geng FZ. A computational method for solving 
one-dimensional variable-coefficient Burgers equation. 
Appl Math Comput. 2007; 188(2):1389–401.

11. Abdel-Salam FA. Construction of some new fractional 
canonical transformations and their generating func-
tions. Indian Journal of Science and Technology. 2012; 
5(10):3482–99.

12. Vetyukov Y. Short introduction to Wolfram’s mathemat-
ica foundations in engineering mechanics. Foundation of 
Engineering Machanics; 2014. p. 237–57.

13. Cui MG, Geng FZ. Solving singu-
lar two-point boundary value problem 
in reproducing kernel space. J Comput Appl Math. 2007; 
205(1):6–15.

14. Nowruzpour M. Dynamic response for a functionally 
graded rectangular plate subjected to thermal shock based 
on LS theory. Applied Mechanics and Materials. 2013; 
332:381–95.

15. Vaziri MR. Modification of shock resistance for cutting tools 
using functionally graded concept in multilayer coating. 
Journal of Thermal Science and Engineering Applications. 
2015; 7(1):1–8.

16. Nowruzpour M, Mohsen S, Naei MH. Tow dimensional 
analysis of functionally graded partial annular disk under 
radial thermal shock using hybrid fourier-laplace trans-
form. Applied Mechanics and Materials, Transaction on 
Technical Publications. 2013; 436:92–9.

17. Mehrian SM, Mehrian SZ. Modification of space truss 
vibration using piezoelectric actuator. Applied Mechanics 
and Materials, Trans Tech Publications. 2015; 811:246–52.

18. Mehrian SM, Nazari A, Naei MH. Coupled thermoelastic-
ity analysis of annular laminate disk using laplace transform 
and galerkin finite element method. Applied Mechanics 
and Materials, Transaction on Technical Publications. 
2014; 656:298–304.

19. Mehrian SHZ, Amrei SAR, Maniat M, Nowruzpour M. 
Structural health monitoring using optimizing algorithms 
based on flexibility matrix approach and combination of 
natural frequencies and mode shapes. International Journal 
of Structural Engineering. 2016; 7(4):1–8.

http://www.indjst.org/index.php/indjst/article/view/30928
http://www.indjst.org/index.php/indjst/article/view/30928
http://www.indjst.org/index.php/indjst/article/view/30928

