
Abstract
In this paper first we give a weak convergence ergodic theorem for K-strictly pseudo-nonspreading and nonspreading 
mapping in Ishikawa iteration scheme, motivated by Kurokawa and Takahashi in9. Then we deal with a strong convergence 
theorem for nonspreading mappings in a Hilbert space. Our results improve and extend Kurokawa and Takahashi result.
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1. Introduction
Let  H be a real Hilbert space and C be a nonempty closed 
convex subset of H. A mapping T : C → C is said to be 
nonexpansive if || Tx — Ty || ≤ || x — y || for all x, y ∈C. 
The set of fixed points of T is denoted by F(T). A mapping 
T : C→ C with F(T) ≠ f is called quasi-nonexpansive if 

|| x – Ty || ≤ || x — y || 

for all x ∈ F(T)  and y ∈ C. It is well known that the set of 
fixed points of a quasi-nonexpansive mapping T is closed 
and convex, see6. Recently, Kohosaka and Takahashi8 
introduced the following nonlinear mapping: Let E be a 
smooth, strictly convex and reflexive Banach space, let 
J be the duality mapping of E and let C be a nonempty 
closed convex subset of E. Then, a mapping T : C→ C is 
said to be nonspreading if

f (Tx, Ty) + f (Ty, Tx) ≤ f (Tx, y)+ f (Ty, x)

for all x, y ∈ C, where f (y, x) = || x ||2–2(x, Jy) + || y ||2 for 
all x, y ∈E. They considered such mapping to study the 
resolvents of a maximal monotone operator in the Banach 
space. In the case when E is a Hilbert space, we know that 
f (x, y) = || x–y ||2 for all x, y ∈E. So, a nonspreading map-
ping T : C→ C in a Hilbert space H is defined as follows:

 2 || Tx – Ty ||2 ≤ || Tx – y ||2 + || Ty – x ||2 (1)

It is shown in5 that (1) is equivalent to

 || Tx – Ty ||2 ≤ || x – y ||2 + 2 < x – Tx, y – Ty>, (2)

for al1l x, y ∈ C. Observe that if T is nonspreading and 
F(T) ≠ f, then T is quasi-nonexpansive.

A mapping T : C→ C is said to be k-strictly pseudo-
nonspreading if there exsists k ∈ [0, 1] such that

 || Tx – Ty ||2 ≤ || x – y ||2 + 2 < x – Tx, y – Ty>  
 + k || x – (y – Ty) ||2 (3)

for all x, y ∈ C. Clearly, every nonspreading mapping is 
k-strictly pseudo-nonspreading.

The following example shows that the class of k-strictly 
pseudo-nonspreading mapping is more general than the 
class of nonspreading mapping.

1.1 Example
(See11). Let ℝ  denote the real numbers with the usual 
norm. Let T: ℝ → ℝ  be defined for each x ∈ℝ by

Tx
x if x

x if x
=

∈ −∞
− ∈ ∞





( , ),
[ , ).

0
2 0

Then, T is k-strictly pseudo-nonspreading but not non-
spreading mapping.
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1.2 Lemma
(See11). Let C be a nonempty closed convex subset of real 
Hilbert space H, and T : C→ C be a k-strictly pseudo-non-
spreading mapping. If F(S) ≠ f, then it is closed and convex.

Some iteration processes are often used to approxi-
mate a fixed point of a nonexpansive mapping. The first 
iteration processes is known as Halpern iteration process3. 
The following strong convergence theorem of Halpern’s 
type was proved by Wittmann: for any x1 = x ∈C, define a 
sequence {xn} by

xn+1 = αn x + (1 – αn) Txn            n ∈ ℕ ∪ {0}

for all n ∈ ℕ, where the sequence an n{ } =
∞

0  is in [0,1], αn 

→ 0 , a an nn
− < ∞+=

∞∑ 10
� αn x = ∞ and a an nn

− < ∞+=

∞∑ 10
�. Then {xn}  

converges strongly to a fixed point of T.
The second iteration process is introduced by Mann10. 

We also know the following weak convergence theorem 
of Mann’s type: for any x1 = x ∈C, define a sequence  
{xn} by

xn+1 = αn xn + (1 – αn) Txn            n ∈ ℕ ∪ {0}

for all n ∈ ℕ, where the sequence an n{ } =
∞

0
 is in [0,1] and 

a an nn
− < ∞+=

∞∑ 10
�. Then {xn} converges weakly to a 

fixed point of T.
The third iteration process7 is defined recursively by

y x Tx
x x Ty

n n n n n

n n n n n

= + −
= + +



 +

b b
a a

( )
( ) ,

,1
11

where the initial guess x0 is taken in C arbitrarily and the 
sequences an n{ } =

∞
1  and bn

n{ } =
∞

1
 are in [0,1].

We know the following first nonlinear ergodic theo-
rem in a Hilbert space from Baillon2.

1.3 Theorem
Let C be a nonempty bounded closed convex subset 
of H and let T : C→ C be nonexpansive. Then for any x 

∈C,  S x
n

n
k

n
=

=

−∑1
0

1  Tk x converges weakly to an element  

z ∈F (T).
Kurokawa and Takahashi in proved the following 

weak convergence nonlinear ergodic theorem of Baillon’s 
type for nonspreading mappings in a Hilbert space. They 
used Halpern’s iteration scheme.

1.4 Theorem
(See 9). Let C be a nonempty closed convex subset of a real 
Hilbert space H. Let T be a nonspreading mapping from 
C into itself. Define two sequences {xn} and {zn} in C as 
follows: x1 = x ∈C  and

x x

z
n

x

Txn n n

n n
k

n
n n+

=

=

=

+ −





 ∑

1

1

1

1

a a( ) ,

,

for all n ∈ ℕ, where αn → 0  and 0 ≤ αn ≤ 1. If F(T) ≠ f, 
then {zn} converges weakly to z ∈ F(T), where z = limn→∞ 
Pxn and P is the metric projection of H onto F(T).

In particular, for any x ∈C, define

S x
n

n
k

n
=

=

−∑1
0

1
 and Tk x

Then{Sn x} converges weakly to z ∈ F(T), where  z = limn→∞ 
PTn x.

The following theorem, is the strong convergence the-
orem for nonspeading mappings in a Hilbert space that 
Kurokawa and Takahashi proved.

1.5 Theorem
(See9). Let C be a nonempty closed convex subset of a real 
Hilbert space H. Let T be a nonspreading mapping from 
C into itself. Let u ∈C and define two sequences {xn} and 
{zn} in C as follows: x1 = x ∈C  and

x u z

z
n

T x

n n n n

n
k

n
k

n

+

=

−

= + −( )
=







 ∑

1

0

1

1

1

a a ,

,

for all n ∈ ℕ, where, 0 ≤ αn ≤ 1 , αn → 0 and an
n

= ∞
=

∞∑ 1 . 
If F (T) ≠ f, then {xn} and {zn} converge strongly to Pu, 
where P is the metric projection of H onto F (T).

Recently Kurokawa and Takahashi in9 obtained a 
weak mean convergence ergodic theorem of Baillon’s type 
for nonspreading mappings in a Hilbert space. They used 
Halpern’s iteration scheme for proving their theorem. In 
this paper motivated by them, first we give a nonlinear 
ergodic theorem for k-strictly peseudo-nonspreading 
and nonspreading mapping in Ishikawa iteration scheme. 
Then we deal with a strong convergence theorem for 
nonspreading mappings in a Hilbert space. These two 
theorems improve and generalize Kurokawa-Takahashi 
theorems.
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2. Preliminaries
Let H be a real Hilbert space with inner product . , .  and 
norm ||.||, respectively. In a Hilbert space H, it is known 
that

 i)  || tx + (1 – t) y ||2 = t || x ||2 + (1 – t) || y ||2 – t  
(1 – t) || x – y ||2 (4)
for all x, y ∈H  and for all t ∈[0,1]  see4.

 ii) || x + y ||2 ≤ || x ||2 + 2 (y, x + y) ∀x, y ∈ H,  (5)
iii) || y ||2 – || x ||2 ≤ 2 (y – x, y)        ∀x, y ∈ H.

See14.
Let {xn} be a sequence in H and x ∈H. Weak conver-

gence of {xn} is denoted by x xwn   and strong convergence 
by xn→ x. Let H be a nonempty closed convex subset of a 
real Hilbert space H. The nearest point projection of H 
onto C is denoted by Pc, that is, for all x ∈H and Y ∈C

|| x – Pc x || ≤ || x – y ||.

Such Pc is called the metric projection of H onto C. It 
is known that for each  x ∈H

 x P P y CC C− − ≤ ∀ ∈x, y x 0 . (6)

See12 for more details.

2.1 Lemma
See1. Let {Sn} be a sequence of non-negative real numbers 
satisfying the condition

Sn+1 ≤ (1 – αn) Sn + αn gn + θn ,

where {αn}, {θn}  and {gn}  are real sequences such that:
i) αn  Ã [0,1] and ank

= ∞
=

∞∑ ,
0

ii) limsup gn ≤ 0,

iii) θn ≥ 0 for all n ∈ ℕ and qn
k=

∞∑ < ∞
0

.
Then, limn Æ • sn = 0.

2.2 Lemma13

See13. Let C be a nonempty closed convex subset of a real 
Hilbert space H. Let P be the metric projection of H onto 
C and let {xn} be a sequence in H. If || xn+1 – q || ≤ || xn – q ||,  
for all q ∈ C and n ∈ ℕ, then {Pxn}  converges strongly.

3. Main Results

3.1 Theorem
Let H be a Hilbert space, and let C be a nonempty closed 
and convex subset of H. Let T : C→ C be a nonspreading 

mapping with F(T) ≠ f  and S : C→ C be a k-strictly peseu-
do-nonspreading mapping with F(S) ≠ f, such that F(T) 
∩ F (S) ≠ f. Suppose that {xn}, {yn} and {un} are sequences 
generated by x1 = x ∈C and

x x Ty

y x Sx

u
n

n n n n n

n n n n n

n
k

n

k

+

=

= + −( )
= + −( )
=












 ∑

1

1

1

1

1

a a
b b

,

,

x

for all n ∈ ℕ, where {an} and {βn} are sequences of (0,1) 
and  0 < a < an < b < 1, 0 ≤ k < c < βn < d < 1 for some a, b, 
c, d > 0. Then {un} converges weakly to u ∈F (T) ∩ F (S), 
where u = limn Æ • Pxn and P is the metric projection of H 
onto F(T) ∩ F (S).

3.1.1 Proof
We divide the proof into 6 steps.

3.1.1.1 Step 1
We first show that if z ∈ F(T) ∩ F(S), then limn Æ • || xn – z ||  
exists and {xn} is bounded. Since F(T) ∩ F(S) ≠ f and T is 
nonspreading, T is quasi nonexpansive, then we have

|| xn+1 – z || = || an xn + (1 – an) Tyn – z ||

≤ an || xn – z || + (1 – an) ||  Tyn – z ||

≤ an || xn  – z || + |  (1 – an) ||  yn  z || (7)

Putting Vn = βn I + (1 – βn)S, from (4) and S as a k-strictly 
peseudo-nonspreading mapping. For all x, y ∈C  we have

|| || || ||

|| || |

V x V y x y Sx Sy

x y
n n n n

n n

− = −( ) + −( ) −( )
= − + −( )

2 2

2

1

1

b b

b b || ||

|| ||

|| || (||

Sx sy

x Sx y Sy

x y
n n

n n

−( )
− −( ) − − −( )

≤ − + −( )

2

2

2

1

1

b b

b b xx y x Sx y Sy

k x Sx y Sy

x Sx y Sn n

− + 〈 − − 〉

+ − − −( )
− −( ) − − −

|| ,

|| || )

||

2

2

2

1b b yy

x y x Sx y Sy k

x Sx y S
n n n

( )
= − + −( ) 〈 − − 〉 − −( ) −( )

− − −

||

|| || ,

||

2

2 2 1 1b b b

yy x y x Sx y Sy

x y x V x y

n

n
n

( ) ≤ − + −( ) 〈 − − 〉

= − +
−

− −

|| || || ,

|| || ,

2 2

2

2 1
2

1

b

b
VV yn . (8)

Since Vnz = βnz + (1 – βn) Sz, then from (8) we have

|| Yn – z || = || Vn x – z || = || Vn x – Vn z || ≤ || xn – z ||, (9)

therefore, by (7) and (9)
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|| xn+1 – z || ≤ an || xn – z || + (1 – an) || xn – z || = || xn – z ||.

So, it yeilds that limn Æ • || xn – z ||  exist and hence {xn}, 
{Sxn} {yn} and {Tyn} is bounded.

3.1.1.2 Step 2
We claim that

1 2

1

1
2 2 2

2
1

n
x Ty x Ty Ty y u Ty Ty y

n
Sx x

n n n

k kk

     

 

+

=

− ≤ − + − + 〈 − − 〉

+ −

,

nn
k k kk

n

n
Sx x x y∑ ∑+ − −

=

2
1
   

+ − −
=∑2

1n
Sx x y Tyk kk

n
   

+ − −
=∑2

1n
x Ty y Tyk kk

n
   

.

From (4), (2)  and since 0 < an < 1 we have for all y ∈C  
and k ∈ ℕ,

   

 

x Ty x Ty Ty

x Ty
k k k k k

k k k

+ − = + − −

= − + − −
1

2 21

1

α α

α α

( )

( ) ( )( )Ty Tyk
22

2 2

2 2

1 1= − + − − − −

− ≤ −

α α α α

α
k k k k k

k k k k

x Ty

x Ty x Ty

   

   

( ) ( )Ty Tyk

++ − −

≤ − + − − + 〈 − − 〉

( )

( )[ ,

1

1 2

2

2 2

α

α α
k

k k k k k kx Ty y y Ty y Ty

 

   

Ty Ty

y
k

]]

Since

   

   

y y x y

x y y
k k k k

k k k

− = + − −

≤ − + − −

2 2

2 2

1

1

b b

b b

( )

( ) ,

Sx

Sx
k

k

so, we have

     

 

x Ty x Ty x y

y
k k k k k

k

+ − ≤ − + − −

+ − − −
1

2 2 2

2

1

1 1

α α

α

( )

( )( )

b

b
k

k kSx
++ − 〈 − − 〉

= − + − −

+ −

2 1

1

1 1

2 2

( ) ,

( )

( )(

α

α α

α

k k

k k k k

k

Ty y Ty

x Ty x y

yk

k   b

−− − + −
+ − 〈 − − 〉

≤ − + −

bk k

k

Sx
y

)
( ) ,

( )

 

 

x x y
Ty y Ty

x Ty

k k

k k
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2

2
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1

α
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b

b

k

k k

k

Sx x
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x y

y

k

k k

k k

−

+ − − −

+ − − −
+ −

2

2

2

1 1

1 1
2 1

( )( )

( )( )
(

α

α
αkk k k

k k

k k

x x y
Ty y Ty

x Ty

)( ) ,
( ) ,

(

1
2 1

12

− 〈 − − 〉
+ − 〈 − − 〉

≤ − + −

bk k

k

Sx
yα

α   αα

α
α

k k

k k

k k k

x y

x
x x

)

( )( )
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−

+ − − −
+ − − 〈 − −

2

21 1
2 1 1

b
b
k k

k k

Sx
Sx yy

Ty y Tyk k

〉
+ − 〈 − − 〉2 1( ) , .α yk (10)

But, we have

   

   

x y x Ty Ty y

x Ty Ty y x Ty Ty y
k k

k k

− = − + −

= − + − + 〈 − − 〉

2 2

2 2 2 , .  (11)

So, from (10) and (11)

 

   

 

 

x Ty x Ty

Ty
k k k

k

k

k

+ − ≤ −

+ − −

+ −
+ −

1
2 2

21

1
2 1

α

α

α
α

( )

( )
( )

x

Ty - y
k

2

〈〈 − − 〉

+ − − −
+ − − 〈 −

xk Ty Ty y

Sx x
Sx x x

k k k k

k k k k

,

( )( )
( )( ) ,
1 1

2 1 1

2α
α

b
b
 

kk

k k

y
Ty y Ty

− 〉
+ − 〈 − − 〉2 1( ) , .α yk  (12)

But we have

〈 − − 〉 = 〈 − − 〉
+ 〈 − − 〉
= 〈 + − −

y Ty y Ty y x y Ty
x Ty y Ty

x x

k k k k

k k

k k

, ,
,

( )b b1 k kSx kk

k k

k k k

k k

y Ty
x Ty y Ty

x x y Ty
x y Ty

,
,

,
( ) ,

− 〉
+ 〈 − − 〉
= 〈 − − 〉
+ − 〈 − − 〉
+

b
b1 Sxk

〈〈 − − 〉x Ty Tyk k , y

Thus, by (12)

   

   

x Ty x Ty

x Ty Ty y
k k k

k k k

k

+ − ≤ −

+ −( ) − + −( ) −

+ −( )

1
2 2

2 21 1

1

α

α α

α2 〈〈 − − 〉

+ −( ) −( ) −

+ −( ) −( ) 〈 −

x Ty Ty y

Sx x

Sx x x

k

k k k k

k k k k

,

,

1 1

2 1 1

2α

α

b
b
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k k k k k k

y

Sx x y Ty x Ty y Ty

− 〉

+ −( ) −( ) 〈 − − 〉 + 〈 − − 〉 2 1 1α b , , .

Therefore

     



x Ty x Ty Ty y

x Ty y Ty

Sx

k k k

k k

k

+ − ≤ − + −( ) −

+ −( ) 〈 − − 〉

+

1
2 2 21

2 1

α

α ,

−− + 〈 − − 〉
+ 〈 − − 〉
+ 〈 − − 〉

x Sx x x y
Sx x y Ty
x Ty Ty y

k k k k

k k

k



2 2
2
2

,
,

, .

Summing these inequalities from k = 1  to n and divid-
ing by n, Since {an} and {βn} are sequences in (0,1), we 
have
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1 1 1
1

2 2 2
1 1 1n

x Ty
n

x Ty
n

Ty yk kk

n

k

n

k

n
     += = =

− ≤ − + −∑ ∑ ∑

+ 〈 − − 〉 + −
= =∑ ∑2 1

1
2
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n
k kk

n
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1 1n
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n
k kk

n
, ,

+ 〈 − − 〉
=∑2

1n
x Ty y Tyk kk

n
, .

So, we have

1

2 1

1
2 2 2

2
1

n
x Ty x Ty Ty y

u Ty Ty y
n

Sx x

n n

n k kk

     

 

+

=

− ≤ − + −

+ 〈 − − 〉 + −,
nn∑
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=
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∑
∑
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1
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n
Sx x y Ty

k k kk

n

k kk
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   +

+ − −
=∑2

1n
x Ty y Tyk kk

n
   

. (13)

3.1.1.3 Step 3
We prove that
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We have for all y ∈ C and k ∈ ℕ,
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≤ − + − + −

+ 〈 − − 〉 + +( ) −

     

 

x Sy Ty x x Sx
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2
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k k k
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,
,2 .

Summing these inequalities from k = 1 to n and divid-
ing by n, Since {an} and {βn} are sequences in (0, 1), we 
have
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So we have
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k

n
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3.1.1.4 Step 4
We claim that limn Æ •|| xn – Sxn || = 0 and limn Æ •|| xn – Tyn 
|| = 0.

From (8) we have,
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Putting in (15) x = xn  and y = z  so we have,
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We have,
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From (16) we have
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So , α αn n n n n nx Ty x z x z1 2 2
1

2−( ) − ≤ − − −+     
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Since 0 < a < an  < b < 1 we have

a b x Ty x Ty

x z x z as n
n n n n n n

n n

1 1

0

2 2

2
1

2

−( ) − ≤ −( ) −

≤ − − − → →+

   

   

α α

•..

Therefore,  limn Æ • ||xn – Tyn || = 0.
Now we show that  limn Æ • ||xn – Sxn || = 0.
From (17) we have

     x z x z k x Sxn n n n n n n+ − ≤ − − −( ) −( ) −( ) −1
2 2 21 1a b b

− −( ) −α αn n n nx Ty1 2
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2 21 1a b b k .
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1

2b b       .

Since 0 < a < an  < b < 1  and 0 ≤ k < c < βn < d < 1  we 
have
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2
1

2 0 •.

Therefore,  limn Æ • ||xn – Sxn || = 0

3.1.1.5 Step 5
We prove that w ∈ F (S) ∩ F (T)Since {xn}is bounded, {un} 
is also bounded. Then there exists a subsequence {uni}  of 

{un}  such that u wn
w

i
→  for some w ∈ H. Further, replac-

ing n by ni  in (13), we have

1 21
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 (18)

From Step 4 we have limn Æ  • ||xn – Sxn || = 0  and 
limn Æ • ||xn – Tyn || = 0 it yeilds that when, i Æ • we have
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Also we have, limi
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2
  . Therefore, since uni w as i Æ •, from (18) 

we have

0 ≤ || Ty – y ||2 + 2 (w – Ty, Ty – y).

Puttingn y = w, then

0 ≤ || Tw – w ||2 + 2 (w – Tw, Tw – w).

So, we have

0 ≤ || Tw – w ||2 

It yields that || Tw – w || = 0 and Tw – w. So w ∈ F (T). (19)

And by replacing n by ni in (14), we have
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Also From step 2 when i Æ • , we have

1 0

2 0

1
2

1

n
x Sx

n
Ty x x Sx

i
k

n
k k

i
k k k kk

n

i

i

, , ,

,

=

=

∑

∑

− →

− − →

 

   

2 0

2 0

1

1

n
x Sx y Sy

n
Ty x Sx Sy

i
k

n
k k

i
k

n
k k k

i

i

=

=

∑

∑

− − →

− − →

   

   

,

,

2 0
1n

x Sx Sx Sy
i

k

n
k k k

i

=∑ − − →    .



Convergence Theorems for Nonspreading Type Mappings in Hilbert Spaces

Indian Journal of Science and Technology8 Vol 8 (15) | July 2015 | www.indjst.org

Also we have, lim || ||i
i

in
x Sy→∞ + −1

1
2 = 0 and 

lim || || .i
in

x Sy→∞ − =1 01
2  Therefore, since u wn

w

i
→  as 

u w ini
as → ∞ we have

0 ≤ (k + 1) || Sy – y ||2 + 2〈w – Sy, Sy – y〉.

Puttingn y = w, so

0 ≤ (k + 1) || Sw – w ||2 + 2〈w – Sw, Sw – w〉.

Therefore, we have

0 ≤ ((k + 1) – 2) || Sw – w ||2.

Since k + 1 < 2. It yields that || Sw – w || = 0 and Sw – w, 
so w ∈ F(S). (20)

Therefore, by (19) and (20), w ∈ F(S) ∩ F(T).

3.1.1.6 Step 6
We show that {un} converges weakly to u ∈ F(T) ∩ F(S) 
and u = limn→∞ Pxn. Since  F(T) ∩ F(S) ≠ φ, from step 1, we 
have ||xn + 1 – z ||≤||xn – z|| for all z ∈ F(T) ∩ F(S). So from 
Lemma 2.2, limn→∞ Pxn exists. Put u = limn→∞ Pxn, Then 

we prove u un

w
→ . Suppose that  {uni} be a subsequence 

of {un} such that u wn
w

i
→ . From step 5 w ∈ F(T) ∩ F(S). 

Now we show w = u. Since, w ∈ F(T) ∩ F(S) and by (6) , 
we have
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|| ||||| ||
|| || ,

x Px
Px u M

k k
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−
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for all k ∈ ℕ, where M = sup{||xk – Pxk||: k ∈ ℕ. Summing 
these inequalities from k = 1 to ni and dividing by ni, we have

〈 − − 〉 ≤ −
− =∑ ∑u

n
Px w u

n
M Px un

i
kk

n

i
kk

n

i

i i1 1
1 1

,   .

Since limi→∞ uni = w  and limn→∞ Pxn = u, obtain 〈w – u, 
w – u〉 ≤ 0, so u = w.

3.2 Theorem
Let C be a nonempty closed convex subset of a real Hilbert 
space H, and T be a nonspreading mapping of C into itself. 
Suppose thst z ∈ C and define sequences {xn}, {yn} and {Sn}  
as follows: x1 = x ∈ C and 

x z y
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for all n ∈ ℕ, where 0 ≤ an ≤ 1, 0 ≤ bn ≤ 1, an → 0, 

bnn
< ∞

=

∞∑ 1
 and a •nn

=
=

∞∑ 1
. If F(T) ≠ φ, then {xn} 

and {Sn} converge strongly to Pz, where P is the metric 
projection of H onto F(T).

3.2.1 Proof
Since F(T) ≠ φ, T is quasi-nonexpansive. So, for all u ∈ 
F(T) and n ∈ ℕ

S u
n

T x un
k

n
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 (21)

Therefore ,
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Putting K = max{||z – u||, ||x1 – u||, we have that ||xn – 
u|| ≤ K for all n ∈ ℕ. In fact, it is obvious that ||x1 – u|| ≤ K. 
Suppose that ||xk – u|| ≤ K for some k ∈ ℕ. Then we have

|| || || || ( ) || ||
( ) .

x u z u x u
K

k k k k

k k

+ − ≤ − + − −
≤ + −

1 1
1

a a
a a K

By induction, we obtain that ||xn – u|| ≤ K  for all n ∈ 
ℕ. So, {xn}, {yn} and {Sn} are bounded.

Since || Tn xn – u || ≤ || xn – u ||, the sequence {Tn xn} is 
bounded.
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Let n ∈ ℕ  Since T is nonspreading, we have from (2) 
and for a ∈ C and k = 0, 1, 2, ..., n – 1

|| || || || , .

||

T x Ta T x a T x T x a Ta

T x Ta Ta

k
n

k
n

k
n

k
n

k
n

+ +− ≤ − + − −

= − +

1 2 2 12

−−

+ − −

= − + −

+ −

+

a

T x T x a Ta

T x Ta Ta a

T x T T

k
n

k
n

k
n

k
n

a

||

,

|| || || ||

,

2

1

2 2

2

2 aa a

T x T x a Tak
n

k
n

−

+ − −+2 1 , .

Summing these inequalities from k = 0 to n –1  and 
dividing by n, we have
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n , .

Since {Sn} is bounded, there exists a subsequence {Sni
} 

of {Sn} such that {Sni
} w ∈ C. Replacing n by ni, we have
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Since {xn}  and {Tn xn} are bounded, we have  0 ≤ || Ta –  
a ||2 + 2 (w – Ta, Ta – a) as i Æ •.

Put a = w. Then we have

0 ≤ || Tw – w ||2 + 2 (w – Tw, Tw – w) = – || Tw – w ||2

So, w ∈ F  (T). Since
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Since {Sn} is bounded and an → 0, bn → 0 , we have

 limn→∞ ||xn+1 – Sn || = 0 (22)

Now, we show that limsup , .n nz Pz x Pz→∞ +− − ≤1 0  
We assume that there exists a subsequence {xni+1 } of {xn+1 }  
such that

limsup , lim , ,n n i nz Pz x Pz z Pz x Pz
i→∞ + →∞ +− − = − −1 1

and x tni + →1

w
.  From (22), S tni

→
w

.  So from the above 
 argument, we have t ∈ F(T). Since P is the metric 
 projection of H onto F(T) and from (6) we have,

lim , , .i nz Pz x Pz z Pz t Pz
i→∞ +− − = − − ≤1 0

This implies

 lim , .n nz Pz x Pz→∞ +− − ≤1 0  (23)

Since xn+1 – Pz = anz + (1 – an)yn – Pz, and an, bn ∈ (0,1) 
and From (4), (21) we have,
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1

a

b ax Pz 22

12+ − −+an nz Pz x Pz, .

Put θn = bn || xn – Pz ||2, sn = || xn – Pz ||2 
 and γn = 2 〈z – Pz, 

xn+1 – Pz〉  in Lemma (2.1). From (23) and ank=

∞∑ = ∞
0

,  

we have limn→∞ || xn – Pz || = 0, and from (22) limn→∞ || xn – 

Sn || = 0. Therefore, limn→∞ Sn  = Pz. 

3.3 Remark
Theorem 3.2 improves Theorem 1.3 by Kurokawa and 
Takahashi in the following sense.

It is sufficient to put bn = 0 in Theorem 3.2.
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