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The propagation of Lorentz-Gauss (L-G) Laser beam in collisionless plasma is investigated. Based on WKB and paraxial 
approximations, coupled differential equations for beam-width parameters in two transverse dimensions of L-G beam are 
derived under the parabolic equation approach. The self-focusing and self-defocusing characters of L-G beam are 
numerically demonstrated. The influence of Lorentz width on the propagation of L-G beam through plasma is specifically 
considered. It is found that the heterogeneous intensity distribution of L-G beam plays a vital role in its propagation 
dynamics through plasmas.  
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1 Introduction 
The nonlinear propagation of laser through plasmas 

has remarkable application domains in many regimes 
such as laser-based inertial confinement fusion 
schemes1-3, laser-influenced electron acceleration4-6, 
harmonic generation7-12 and generation of new 
radiation sources13,14. Most of these applications are 
generally based on the long-distance propagation of 
lasers. However, due to the dominance of diffraction, 
laser beam propagation is limited over several Rayleigh 
lengths through plasma. Therefore, the phenomenon of 
self-focusing15 of laser beam in plasma plays a very 
crucial role in the field of laser-plasma interaction. 
Self-focusing in plasmas is a nonlinear optical 
phenomenon that appears due to the wave front 
distortion inflicted on the beam by itself while 
traversing plasma. Such distortion is due to the changes 
in the dielectric constant of the plasma arising from the 
high intensity of the laser beam with a non-uniform 
transverse spatial extent. It sometimes plays a vital role 
in affecting other nonlinear phenomena16.  

Before proceeding further, it is instructive to 
consider the nonlinearities responsible for focusing in 
plasmas17. There are three main nonlinearities in the 
dielectric constant, viz., collisional, ponderomotive and 
relativistic, which are, in fact, operative for the 
appearance of self-focusing of laser. In collisional 

plasmas, the electrons get heated to different 
temperatures in the transverse plane on account of the 
radial distribution of the field of the beams. In the 
steady state, the distribution of electron temperature is 
determined by the Ohmic heating and the power loss 
by collisions and thermal conduction. This causes a 
radial redistribution of electron density and, thereby the 
dielectric constant18. For collisionless plasma, the 
ponderomative force on electrons is proportional to the 
gradient of irradiance of the beam. This causes the 
redistribution of electron density and, thereby, the 
dielectric constant19. For high powers of the beams, the 
quiver velocity of the electrons is comparable to the 
speed of light in a vacuum. The radial distribution of 
irradiance of the beam causes a corresponding 
redistribution of the electron mass and hence dielectric 
constant20. The form of nonlinear dielectric constant is 
different in different physical situations of plasma, but 
its dependence on irradiance of the beam is a common 
feature. 

In the phenomenon of self-focusing, the salient 
features of the fundamental Gaussian laser beam are 
advantageous in simplifying the mathematical 
complexities involved in the theoretical treatment of 
various nonlinear phenomena. A study of the 
literature reveals that past studies on the self-action 
effects of laser beams in plasmas were mostly 
concerned with revealing the dynamics of Gaussian 
laser beams or laser beams with irradiance that is 
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close to Gaussian. On the other hand, it is also 
important from a practical point of view that certain 
laser sources produce fields that show variations in 
Gaussian distribution. It is well-known that though the 
Gaussian beam exploits a minimum uncertainty field, it 
possesses the minimum achievable angular spreading 
once the spatial extension is fixed for certain laser 
sources. For this purpose, lasers are utilized in different 
capacities in plasmas with variety of configurations, 
e.g. elliptic Gaussian beams21,22, cosh-Gaussian 
beams23-27, Hermite-Gaussian beams28,29, Bessel-
Gaussian beams30-32, q-Gaussian beams33-36, quadruple 
Gaussian beams37-39, skewed beams40-42, Airy-Gaussian 
beams43-45, Laguerre-Gaussian beams46-48, Hermite-
cosine Gaussian beams49,50 etc. have been attempted in 
recent years.  

With the development of lasers, a new laser beam 
profile called Lorentz-Gaus (L-G) beam51,52 has been 
introduced. In the same spatial extension, the angular 
spread of the L-G beam is higher than that of a 
Gaussian beam. A simple mathematical representation 
of such field distribution resembles the combined 
Gaussian and Lorentzan functions53. This kind of beam 
can exhibit heterogeneous distribution, such as 
distorted wave front or asymmetric field distribution as 
well as unevenly distributed spots in the context of 
transverse dimensions of the beam. To our knowledge, 
propagation characters of the L-G beam in plasma have 
not been reported. As a result, the L-G beam will invite 
extensive studies in the growing field of laser-plasma 
interaction. The purpose of the present paper is to 
examine the nonlinear propagation of the L-G beam in 
plasma.  
 
2 Theoretical Formulation  

In a Cartesian coordinate system, the electric field 
distribution of L-G beam at 𝑧 0 plane can be 
described by51 

 

𝐸 𝑥,𝑦, 𝑧 0 𝐸  𝑒𝑥𝑝  
 

 ,  (1) 

 

where E0 is the constant amplitude, parameters 𝑟  
and 𝛾  are the widths of Gaussian and Lorentzian 
distributions, respectively, 𝛿 is the dimensionless 
adjustable parameter. This kind of field has the 
product of two functions of 𝑥 and 𝑦 variables, which 
have the form of Gaussian function of parameter 𝑟  
and Lorentzian function of parameter 𝛾 , respectively. 
Fig 1 depicts the initial beam profiles with their above 
orthographic views for two values of 𝛿 parameter. We 

have kept two different 𝛿 values (𝛿 0.5 and 
𝛿 2.0). From this figure, heterogeneity in intensity 
distribution through 𝛿 parameter of the beam is 
observed. 
 

The effective dielectric function of the plasma can, 
in general, be expressed as15 

 

𝜀 𝜀 Φ 𝐸𝐸∗ ,  (2) 
 

where 𝜀 1 𝜔 𝜔⁄  is the linear part of 𝜀 

with 𝜔 4𝜋𝑛 𝑒 𝑚⁄ ⁄ . Here, 𝜔 is the frequency 
of the laser, 𝑛  is the plasma density of electrons in 
the absence of the beam, 𝑒 and 𝑚 are the electronic 
charge and mass of electron, respectively. In the case 
of ponderomotive nonlinearity in collisionless plasma, 
the nonlinear part Φ 𝐸𝐸∗  is written as17 

 

Φ 𝐸𝐸∗ 1 𝑒𝑥𝑝 𝛽𝐸𝐸∗ ,  (3) 
 

where 𝛽 𝑒 8𝑚 𝜔 𝑘 𝑇⁄  is the coefficient of 
ponderomative nonlinearity, 𝑀 is the mass of the ion, 
𝑘  is Boltzmann’s constant and 𝑇  is the equilibrium 
plasma temperature.  

When we assume a time dependence of the electric 
field, 𝐸~𝑒𝑥𝑝 𝑖𝜔𝑡 , and ignore the term ∇ ∇ ∙ 𝐸 , 
which is justified if 𝑐 𝜔⁄ | 1 𝜀⁄ ∇ ln 𝜀| ≪ 1, the 
time-independent scalar wave equation takes the form 
 

∇ 𝐸 𝜀𝐸 0. (4) 

 
 

Fig 1  3D intensity profile of L-G beam for (a) 𝛿 0.5 and 
(b) 𝛿 2.0. The transverse view of intensity profile are (c) 𝛿 0.5
and (d) 𝛿 2.0.  
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When we assume that 𝐸 𝐴 𝑥,𝑦, 𝑧 𝑒𝑥𝑝 𝑖𝑘𝑧  
and employ the WKB approximation, Eq. (4) yields 
 

2𝑖𝑘 ∇ 𝐴 𝑘
Φ ∗

𝐴 0,  (5) 
 

where 𝑘 𝜔 𝑐⁄ 𝜀  is the wave propagation 
vector.  

Substituting 𝐴 𝐴  𝑒𝑥𝑝 𝑖𝑘𝑆 𝑥,𝑦, 𝑧  into Eq. (5) 
and separating real and imaginary parts, one obtains 
 

2 ∇ 𝐴
Φ ∗

,  
 

𝐴 ∇ 𝑆 0. (6) 
 

The solutions of Eqs.(6) can be written as 
 

𝐴  𝑒𝑥𝑝  
 

,  

 

𝑆 𝜑 𝑧  (7) 
 

where 𝑓  and 𝑓  are the dimensionless beam-width 
parameters in 𝑥 and 𝑦 dimensions of the beam 
respectively.  

Substituting 𝐴  and 𝑆 in Eq. (6), using the paraxial 
approximation and separately equating coefficients of 
𝑥  and 𝑦  on both sides of the resulting equation, one 
obtains 
 

2  𝑒𝑥𝑝 ,  
 

2  𝑒𝑥𝑝 . (8) 
 

where 𝛼𝐸  is the initial intensity parameter with 
𝛼 3𝑚𝛽 4𝑀⁄  and 𝜁 𝑧 𝑅⁄  is the dimensionless 
distance of propagation with 𝑅 𝑘𝑟  as the 
Rayleigh’s diffraction length. The initial conditions 
on 𝑓  and 𝑓  are: 
 

𝑓 𝜁 0 1, 0  
 

𝑓 𝜁 0 1, 0  (9) 
 

For an initially plane wavefront of the beam 
corresponding to 𝑑 𝑓 𝑑𝜁 0⁄ , 𝑓 1 and 
𝑑 𝑓 𝑑𝜁 0⁄ , 𝑓 1 at 𝜁 0, the critical values of 
𝐸  for self-trapping in 𝑥 and 𝑦 dimensions of the 
beam are obtained from Eqs. (8) as 

𝛼𝐸 𝑒𝑥𝑝 𝛼𝐸   
 

𝛼𝐸 𝑒𝑥𝑝 𝛼𝐸    (10) 
 

where 𝐸  and 𝐸  are critical values of electric 
field for self-trapping of L-G beams in 𝑥 and 𝑦 
dimensions of the beam respectively.  
 

3 Results and Discussion 
Equations (8) are second-order, ordinary, nonlinear 

and coupled differential equations for beam-width 
parameters, 𝑓  and 𝑓  that determines the width of the 
L-G beam in respective 𝑥 and 𝑦 dimensions of the 
beam. These equations are not integrable and hence 
we require a suitable numerical technique to solve 
them. In the present paper, we have solved these 
equations by using the Runge-Kutta fourth-order 
method under the initial conditions given by Eqs. (9). 
Eqs. (8) simply deals with diffraction by letting the 
term Φ → 0 in Eq. (6). Because of nonlinearity Φ in 
Eq. (6), the evolution of beam-width parameters 𝑓  
and 𝑓  on the left-hand side of Eqs. (8) is determined 
by the relative competition between the magnitude of 
two terms on their right-hand sides. When the 
magnitude of the first term (diffraction term) is 
greater than that of the second term (nonlinear term) 
in each Eq. (8), 𝑑 𝑓 𝑑𝜁⁄  and 𝑑 𝑓 𝑑𝜁⁄  becomes 
positive and hence 𝑓  and 𝑓  increase with 𝜁, i.e. the 
defocusing of the beam is sure in both 𝑥 and 𝑦 
directions. In the reverse case, it clearly promises self-
focusing. If the terms on the right-hand sides of  
Eqs. (8) cancel each other, then the beam propagates 
without change in its profile, i.e. the beam neither 
focuses nor defocuses. This is usually known as the 
self-trapped mode (uniform waveguide mode) of the 
beam in the medium. It is interesting to note in the 
present case of nonlinear L-G beam propagation 
through collisionless plasma, self-focusing/defocusing 
of the L-G beam depends on width parameters 𝑟  and 
𝛾  of Gaussian and Lorentzian distributions.  

We define a critical value of 𝐸  as 𝐸  in Eqs. (10) 
for each dimension respectively, for which two terms on 
the right-hand sides of Eqs. (8) cancel each other. It is 
found that each of the Eqs.(10) gives two roots as 𝐸 , 
𝐸  (𝐸 𝐸 ) and 𝐸 , 𝐸  
(𝐸 𝐸 ). Also, both 𝐸  and 𝐸  increases 
with decreasing 𝑟 𝜔 𝑐⁄  and 𝛾 𝜔 𝑐⁄ . At 𝑟 𝛾⁄

2 5⁄  𝛿, both 𝐸 𝐸  and 𝐸 𝐸 . 
The magnitude of four critical field values gives an 



INDIAN J PURE APPL PHYS, VOL. 61, NOVEMBER 2023 
 
 

900

inequality condition as, 𝐸 𝐸 𝐸
𝐸 . We have solved Eqs. (8) subject to the initial 
conditions given by Eqs. (9) in the case of 
collisionless plasma. To have a numerical assessment, 
we have used Ti: sapphire laser of wavelength 
𝜆 800 𝑛𝑚 with initial intensity 𝐼~10  𝑊𝑐𝑚 . 
The typical values of other numerical laser-plasma 
parameters used for computation are: 𝑟 20 𝜇𝑚, 
𝛾 20 𝜇𝑚, 𝑛 10  𝑐𝑚 , 𝑇 10  𝐾, 𝛿
0.5 and 2.0. The variations of beam-width parameters 
𝑓  and 𝑓  with dimensionless distance of propagation 
𝜁 are shown for regions corresponding to the 
following five cases: 
 

(i) 𝐸 𝐸 𝐸 𝐸 𝐸  
(ii) 𝐸 𝐸 𝐸 𝐸 𝐸  
(iii) 𝐸 𝐸 𝐸 𝐸 𝐸  
(iv) 𝐸 𝐸 𝐸 𝐸 𝐸  
(v) 𝐸 𝐸 𝐸 𝐸 𝐸  
 

Figure 2 represents the variation of 𝑓  and 𝑓  with 𝜁 
in the region corresponding to 𝐸 𝐸
𝐸 𝐸 𝐸 , with 𝛼𝐸 0.005 and 
𝛼𝐸 0.0001 beam diverges in both 𝑥 and 𝑦 
dimensions for both 𝛿 0.5 and 𝛿 2.0 cases. It is 
observed from this figure that the steady defocusing 
rate of 𝑓  is greater than that of 𝑓  for 𝛿 0.5 as 
shown by thick curves. In the opposite case, such a 

defocusing rate of 𝑓  is less than that of 𝑓  for 𝛿
2.0. The similar behaviour of 𝑓  and 𝑓  with 𝜁 is 
observed for the region corresponding to 𝐸
𝐸 𝐸 𝐸 𝐸  for both cases of 
𝛿 0.5 and 𝛿 2.0 with 𝛼𝐸 0.05 and 𝛼𝐸
0.001 as shown in Fig. 3. From Fig. 4, it is clear that 
complexity in the oscillatory character of 𝑓  and 𝑓  
with 𝜁 is observed for 𝛼𝐸 2 and 𝛼𝐸 3 with 
𝛿 0.5 and 𝛿 2.0 respectively, in the region 

 
 

Fig 3  Variation of 𝑓  and 𝑓  with 𝜁 in collisionless plasma for 
initial intensity parameter 𝛼𝐸 0.05 with 𝛿 0.5 (thick curves) 
and 𝛼𝐸 0.001 with 𝛿 2 (thin curves). Solid curves are for 𝑓
and dashed curves are for 𝑓 . The numerical values of the laser-
plasma parameter are the same as that of Figure 2. 
 

 
 

Fig 4  Variation of 𝑓  and 𝑓  with 𝜁 in collisionless plasma for 
initial intensity parameter 𝛼𝐸 2 with 𝛿 0.5 (thick curves) and 
𝛼𝐸 3 with 𝛿 2 (thin curves). Solid curves are for 𝑓  and 
dashed curves are for 𝑓 . The numerical values of the laser-plasma 
parameter are the same as that of Figure 2. 

 
 

Fig 2  Variation of 𝑓  and 𝑓  with 𝜁 in collisionless plasma for
initial intensity parameter 𝛼𝐸 0.005 with 𝛿 0.5 (thick
curves) and 𝛼𝐸 0.0001 with 𝛿 2 (thin curves). Solid curves
are for 𝑓  and dashed curves are for 𝑓 . The numerical values of
laser-plasma parameters used are: 𝜆 0.8 𝜇𝑚, 𝑟 20 𝜇𝑚, 
𝛾 20 𝜇𝑚, 𝑛 10  𝑐𝑚 , 𝑇 10  𝐾.  
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corresponding to 𝐸 𝐸 𝐸 𝐸
𝐸 . It is also observed that after initial focusing of 
the beam in both 𝑥 and 𝑦 dimensions, 𝑥 dimension of 
the beam focuses while 𝑦 dimension defocuses in an 
oscillatory manner.  

In Fig. 5, the variation of 𝑓  and 𝑓  with 𝜁 is 
oscillatory for both 𝛼𝐸 4 and 𝛼𝐸 6.3 with 
𝛿 0.5 and 𝛿 2.0 respectively, in region  𝐸

𝐸 𝐸 𝐸 𝐸 . Focusing of 𝑓  leads 
to the defocusing of 𝑓  for 𝛿 0.5, as shown by thick 
curves. However, a reverse trend is preserved with a 
reduction in the oscillation amplitude of 𝑓  and 𝑓  with 𝜁 
in the case of 𝛿 2.0 as depicted by thin curves. 
Similar variation of 𝑓  and 𝑓  with 𝜁 is also observed in 
Fig. 6 for the region 𝐸 𝐸 𝐸
𝐸 𝐸  with 𝛼𝐸 8 (𝛿 0.5) and 𝛼𝐸 8 
(𝛿 2.0). The width parameters 𝑓  and 𝑓  vary in a 
periodic manner with a reduced number of oscillations 
during propagation through plasma.  
 

4 Conclusion 
In conclusion, the self-focusing/defocusing of the 

L-G beam in collisionless plasma is studied. Coupled 
differential equations for beam-width parameters in 
two transverse dimensions of the L-G beam are 
derived. The study concludes that the self-focusing of 
the L-G beam depends on regions corresponding to 
different critical values of electric fields. The 
asymmetric self-focusing/defocusing of the L-G beam 
is observed due to the heterogeneous distribution of 
intensity along transverse dimensions of the L-G 
beam. The present study may be useful to characterize 
heterogeneous field distribution of laser beams in 
various situations of plasma, which, however, to the 
best of our knowledge, have not been attempted 
extensively in the literature at present.  
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