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1. Introduction
Graph theory is a major tool in computer programming 
mathematical research, electrical electrical engineering, 
communication networking and so on. 

Labeling of graphs, a special area in graph theory, is 
useful for broad range of applications in the field of com-
munication, network areas and models for constraint 
programming over finite domain. Many kinds of labeling 
have been studied since 1967. A detailed study has been 
done by Joseph A. Gallian[3].. Further, the study on magic 
labeling was done by J. A. MacDougall[4].

All graphs considered here are finite, simple undirected 
graphs. Let G be a graph with vertex set V(G) and the edge 
set E(G) such that the order of G = |V(G)| = p

 
and the size 

of G = |E(G)| = q. A labeling of a graph G is a mapping 
from a set of vertices (edges) into a set of numbers, usually 
integers.       

A decomposition of G is a partitioning of G into sub-

graphs sFFF ,., 21  such that ( ) ( ) φ=ji FEFE   
 for 

ji ≠ , ∈ji ,  { }s,2,1   and 


s

i
i GEFE

1

).()(
=

=  and 

we write .
1 i

s

i
FG

=
⊕=  If all the sub graphs Fi are isomor-

phic to a graph F then G is said to be F-decomposable. A 

spanning sub graph of a graph G is called a factor of G. 

If G can be expressed as an edge disjoint sum of factors 

kHHH 21,  then it is called a factorization of G. If each 

Hi ≅ H, then it is called an H-factorization of G. If H is m 

-regular then G is said to have m -factor decomposition.
A vertex magic total labeling is a bijection f from 

)()( GEGV ∪  to the set of integers { },...3,2,1 qp + with 

the property that for every )(GVu ∈ , 

( )
( ) (  )

v N u
f u f u v k

∈

+ =∑
  

for some constant k. Such a 
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labeling is E-super if ( ) }{ .,....3,2,1)( qGEf =  A graph 
G is called E-super vertex magic if it admits an E-super 
vertex magic labeling. Super vertex magic labeling was 
introduced by Swaminathan and Jeyanthi[9]. E-super vertex 
magic labeling of graphs has been studied by Marimuthu 
and Balakrishnan in[5]. They proved that, if a graph G of 
odd order can be decomposed into two Hamiltonian 
cycles, then G is an E-super vertex magic graph. In[10], T. 
M Wang and Guang-Hui gave the generalization of some 
results stated in[5] using 2-factor. 

A total labeling →∪ )()(: GEGVf  { }qp +...2,1  

is called an F-magic labeling of G if there exists a positive 

integer k  (called magic constant) such that for every copy 

F in the decomposition, kefvf
FEeFVv

=+ ∑∑
∈∈ )()(

)()( . A graph 

G that admits such a labeling is called an F-magic decom-

posable graph. An F-magic labeling is called an F-E super 

magic labeling if ( ) }{ .,....3,2,1)( qGEf =  A graph that 

admits an F-E super magic labeling is called an F-E super 
magic decomposable graph. Subbiah and Padimadevi[8] 
obtained a necessary and sufficient condition for 2-factor 
decomposition of  F-E super magic graphs. In this paper a 

necessary and some sufficient conditions are obtained for a 

)12( +k -factor decomposition of E-super magic graphs. 

The results given below are useful to prove some of the 
theorems.

1.1 Lemma[5]

If a non-trivial graph G with order p and size q  is super 
vertex magic, then the magic constant k is given by 

+
+

+=
2

1pqk
p

qq )1( + .

1.2 Lemma[8]    
If a non-trivial m -factor decomposable graph G is m -fac-
tor E-super decomposable, then the magic constant  k is

( 1) ( 1)
2 2

p p q qpq
s

+ +
+ +  where s is the number of 

m-factors of G.

1.3 Lemma[8]

If a non-trivial m -factor decomposable graph G is m -fac-
tor E-super magic decomposable, then the sum of the 

edge labels, denoted by ke , is a constant and it is given by 

s
qqke 2

)1( +
= , where s the number of m -factors of G.

1.4 Lemma[8] 

Let G be an m-factor decomposable graph and let g be a 

bijection from  )(GE  onto }{ .,....3,2,1 q  Then g can be 

extended to an m -factor E-super magic labeling of G if and 

only if ∑
∈

=
)( '

)(
GEe

e egk  is constant for every m -factor 'G  in 

the decomposition of G.

1.5 Theorem[6]

Every m and r-regular graph has r -factor for every positive 
integer r  and m , where r, m .1≥

2. (2k+1)- Factor Decomposition in 
E-Super Magic Regular Graphs

In this section, a necessary and some sufficient condi-
tions are obtained for some even or odd regular graphs 

G of even order to have an )12( +k -factor E-super 

magic decomposition for .1≥k  It is proved that every 

rk )12(2 + - regular graph (i.e., even regular graph) 

with [ ]1)12(2 ++ rk  order (i.e., even order) and for 

every rk )12(3 +  regular graph (i.e., odd regular graph) 

with 1)12(3 ++ rk  order (i.e., even order) will have an 

)12( +k -factor E-super magic decomposition, for 1≥k  

and .12 −= kr  

Next theorem gives the necessary condition for m - 
factor decomposition of E-super magic graphs.

2.1 Theorem
If G is an m-factor decomposable E-super magic graph, then 
G is r -regular for some integer r  that is a multiple of m .

2.1.1 Proof
Proof follows from Theorem 1.5.
Next theorem shows that the necessary condition is also suf-

ficient for m = (2k +1),  when G is of order [ ]1)12(2 ++ rk  
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and rk )12(2 + -regular,  for 1≥k  and .12 −= kr

2.2 Theorem

Every graph G with [ ]1)12(2 ++ rk   vertices of 

rk )12(2 + -regular is )12( +k -factor E-super magic 

decomposable, for 1≥k   and 12 −= kr .

2.2.1 Proof

Let G be an rk )12(2 + -regular (i.e., even regular 

graph) of even order say =p [ ]1)12(2 ++ rk . Then by 

Theorem 1.5, G is decomposed into )12( +k - factors say, 

sFFFG ,, 21=  where iF  is a (2k +1) - factor for each i , 

si ≤≤1 . Since G is of order p  with s number of (2k +1) - 

factor then the number of edges of G, (2 1)  
2

k p sq +
= .  Let 

)(eli  denotes the edge labels corresponding to a factor iF , 

si ,3,2,1=  in the decomposition. Now the labeling of  

edges in G is as follows:

l1(e) l2(e) … ls(e) 

1 2 … S

2s 2s-1 … s+1

2s+1 2s+2 … 3s

4s 4s-1 … 3s+1

… … … …

1
2

4)12(
+



 −+ spk 2

2
4)12(

+



 −+ spk

… spk




 −+

2
2)12(

spk




 +

2
)12( 1

2
)12(

−



 + spk

… 1
2

2)12(
+



 −+ spk

From the above table 

[ ]
1

1
( )

(2 1)( ) 1 2 2 1 4
2

2 2 4 ( 2)

(2 1) (2 1)1 1
4 2

(2 1) 44 1 2
4

(2 1) (2 1)
4 2

e E F

k psl e s s s

s s p s

k p k ps

k ps

k p k ps

∈

+
= + + + + + +

= + + + − +

+ + + + + +  
+ − = + + + +  

+ +
+

∑ 







[ ]
1

1
( )

(2 1)( ) 1 2 2 1 4
2

2 2 4 ( 2)

(2 1) (2 1)1 1
4 2

(2 1) 44 1 2
4

(2 1) (2 1)
4 2

e E F

k psl e s s s

s s p s

k p k ps

k ps

k p k ps

∈

+
= + + + + + +

= + + + − +

+ + + + + +  
+ − = + + + +  

+ +
+

∑ 







[ ]

[ ]

2 (2 1)(2 1)
8 4
(2 1) (2 1) 2

8

s k pk p

k p k ps

+
= + +

+
= + +

Similarly, we can calculate ∑ )(eli  for each factor Fi, 

si ,4,3,2=  in the decomposition, which is a 

constant i.e., 
8

)12( pkke
+

=
 
[ ](2 1) 2k ps+ +  for all

si ,3,2,1= .

By Lemma 1.4, this labeling gives a )12( +k -factor-E-

super magic labeling and thus every rk )12(2 + -regular 

graph of  [ ]1)12(2 ++ rk   order is )12( +k -factor-E- 

super magic decomposable. 

2.2.1 Example
A 6-regular graph G of order 8 is 3-factor-E-super magic 
decomposable. 

Here k=1 
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The graph G is decomposed into two 3-factors i.e., 1F  

and 2F .

Fig 1.1 (b)

Now =∑ )(eli 150=ek  for 2,1=i

1e 2e 3e 4e 5e 6e

)(1 el 1 4 5 8 9 12

)(2 el 2 3 6 7 10 11

7e 8e 9e 10e 11e 12e ∑
∈

=
Fe

ie elk )(

13 16 17 20 21 24 150
14 15 18 19 22 23 150

Thus, from Lemma 1.4, G is 3-factor-E-super magic 
decomposable.

2.3 Theorem

Every graph G is )12( +k -factor E-super magic decom-

posable if and only if G is rk )12(3 + -regular with order 

3(2k +1)r +1 for k ≥ 1 and r = 2k-1..

2.3.1 Proof 

Necessity follows from Theorem 2.1. Let G be an 

rk )12(3 + -regular graph of order 1)12(3 ++= rkp

. i.e., G is an odd regular graph with even order. Then by 

Theorem 1.5, G is decomposed into )12( +k -factors

sFFFF 321 ,,  , where iF  is a )12( +k factor for each 

i , si ≤≤1 . Since G is of order p  with s number of 

)12( +k -factors, the total number of edges of G, 

(2 1)
2

k psq +
= .  

If )(eli  denotes the labels of the edge of the factor iF  
in the decomposition. Now the labeling of edges in G is as 
follows: 

)(1 el )(2 el … )(els

MN

12 +s 22 +s … ss +2

ss 22 + 122 −+ ss … 12 ++ ss

122 ++ ss 222 ++ ss … ss 32 +

ss 42 + 142 −+ ss … 132 ++ ss

  … 

1
2

4)12(
+



 −+ spk 2

2
4)12(

+



 −+ spk … spk





 −+

2
2)12(

spk




 +

2
)12( 1

2
)12(

−



 + spk …

1
2

2)12(
+



 −+ spk

From the above table ∑ )(1 el ,           

( )

1

2 2 2
1

( )

2

2

2

( ) 1 2 2 1

(2 1) 2 44 1
2

(2 1) 2
2

(2 1) 2
2

(2 1) 2 42 2 4
2

(2 1)1 1 1

e E F
l e MN s s s s s

k p ss s s

k p ss s

where MN is magic number of s s magic squares
k p sMN s

k p ss s s

k p

∈

= + + + + + + + +

+ − − + + + +  
+ − + +   

×

+ − = + +  
 + − −  + + +    

+ −
+ + + +

∑







( )

[ ]

23 2
3

2 3
2

2

2
2

(2 1)(2 1)
2 2 2 8

(2 1) (2 1)
2 2 2

(2 1) (2 1)
4 2 2

(2 1) (2 1) 2
8

s s

k p ss s k ps s

k ps s k ps s

k p s k ps s

k p k ps

 
  

++
= + + − +

+ +
− + − +

+ +
+ − + −

+
= + +
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( )

1

2 2 2
1

( )

2

2

2

( ) 1 2 2 1

(2 1) 2 44 1
2

(2 1) 2
2

(2 1) 2
2

(2 1) 2 42 2 4
2

(2 1)1 1 1

e E F
l e MN s s s s s

k p ss s s

k p ss s

where MN is magic number of s s magic squares
k p sMN s

k p ss s s

k p

∈

= + + + + + + + +

+ − − + + + +  
+ − + +   

×

+ − = + +  
 + − −  + + +    

+ −
+ + + +

∑







( )

[ ]

23 2
3

2 3
2

2

2
2

(2 1)(2 1)
2 2 2 8

(2 1) (2 1)
2 2 2

(2 1) (2 1)
4 2 2

(2 1) (2 1) 2
8

s s

k p ss s k ps s

k ps s k ps s

k p s k ps s

k p k ps

 
  

++
= + + − +

+ +
− + − +

+ +
+ − + −

+
= + +

Similarly, we can calculate ∑ )(eli  for each factor iF ,

si ,3,2=  in the decomposition is the constant i.e., 

[ ](2 1) (2 1) 2
8e

k pk k ps+
= + + . 

By Lemma 1.4, this labeling gives a )12( +k -factor-E-
super magic labeling of G.

2.3.2 Example

A 9- regular graph G of order 10 is 3-factor-E-super magic 

decomposable. Here 1=k  and 10p =

The graph G is decomposed into three 3-factors. F1  F2  
and F3.

Now =∑ )(eli 345=ek  for each factor iF , 3,2,1=i .
Next theorem shows that if G is a regular graph of odd 

order then G is not )12( +k -E-super magic decompos-
able for 1≥k .
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2.4 Theorem

If G is an rk )12(2 +  and rk )12(3 + -regular graph of 

odd order then G is not )12( +k -factor-E-super magic 

decomposable, for 1≥k .

2.4.1 Proof

Let G be an rk )12(2 +  and rk )12(3 + -regular graph 

of odd order p  and size q . Suppose G is an )12( +k
-factor-E-super magic decomposable graph. Then G has an 

)12( +k -factor-E-super magic labeling and hence

s
qqke 2

)1( +
= , where s   be the number of m -factors by 

Lemma 1.3,. Since G is )12( +k -factor decomposable 

with (2 1)
2

k psq +
=

  
.  We have,

           

(2 1) (2 1) 11
2 2 2e

k ps k psk
s

+ + = +  

( )2

2 2

1 (2 1) 2(2 1)
8
(2 1) 2(2 1)

8 8

k ps k ps
s
k p s k p

 = + + + 

+ +
= +

which is an integer only if  p  is even. Otherwise, if

12 += tp , an odd integer then ek  is not an integer. 

Hence by Lemma 1.4, G does not have an )12( +k -fac-

tor-E-super magic decomposition if p  is odd.  

3. Conclusion
In this paper, a necessary and some sufficient conditions 
are obtained for some even regular graphs G of even order 
and for some odd regular graphs G of even order to have an 

)12( +k -factor-E-super magic decomposition for 1≥k .  
In future, the problem of F-E or F-V anti-magic decompo-
sition of graphs can be carried out.
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