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Abstract

In this research paper, different cases of solution of the second order linear Intuitionistic Fuzzy Ordinary Differential
Equations (IFODEs) are discussed. The initial conditions and the coefficients of differential equations are taken as the
Generalized Trapezoidal Intuitionistic Fuzzy Numbers (GTrIFNs). The concept for finding the solution of second order linear
homogeneous intuitionistic fuzzy ordinary differential equations is discussed in detail.
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1. Introduction

Fuzzy sets were introduced by* in 1965, along with the mem-
bership function. It was generalized into Intuitionistic Fuzzy
Sets by* in which non-membership function is also consid-
ered. Fuzzy Differential Equations (FDEs) is rapidly growing
in recent years. Fuzzy Differential equations was introduced
by® in 1987. FDEs are mostly used in science and engineer-
ing. In® discussed the second order linear homogeneous
fuzzy ordinary differential equations with generalized trap-
ezoidal fuzzy number were taken as the initial condition and
coeflicients. Differential equations under intuitionistic fuzzy
environment were discussed by% In this paper, existence
result for intuitionistic fuzzy ordinary second order linear
homogeneous differential equation is discussed. The initial
conditions and the coeflicients are taken as the generalized
trapezoidal intuitionistic fuzzy numbers.

2. Preliminaries

Definition 2.1[3]: A fuzzy set A is defined by

A{(x,uA (x)) 1 X0A, U, (x)O[O,l]}. In the pair
(x, u, (x)), the first element belongs to the classic set 4

*Author for correspondence

, the second element [, (x) , belongs to the interval [0,1]

called membership function.
Definition 2.2 [4]: Let a set X be fixed. An

Intuitionistic Fuzzy Set A in X having the form

A ={(x,/JA (x),v, (x)):x/X} where the 4 (x): X —[0,1]
and v L (x): X —[0,1] define the degree of membership
and degree of non-membership respectively of the element
x/ X tothe set A, which is a subset of X, for every element
offo,OSuA (x)+v,(x)<1.

Definition 2.3 [4]: A Trapezoidal Intuitionistic Fuzzy
Number A is a subset of IFN in R with following member-

ship function and non-membership function as follows:

and
[ x—aq,

ifa, <x<a,

a, —4q

lifa, <x<a,

Hy(x)=

a,—x

ifa, <x<a,

a,—a,

Ootherwise
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Where

TrIFN is denoted by
Apey = (al,az,a3,a4;a1,a2,a3,a4)

a<a,<a,<a,a <a,<a,<a, and

a,—x ..
L ifa, <x<a,
a, =4

Oifa, < x<a,

V4 (x) =
x—a, . .
; ifa, <x<a,
a,—a,
lotherwise

Definition 2.4 [4]:
Intuitionistic Fuzzy Number 4 is a subset of IFN in R
with following membership function and non-member-
ship function as follows:

A Generalized Trapezoidal

[ x—a, .
wo—ifa, < x<a,
a, —q
wifa, < x < a,
malo=y
wo———ifa,<x<a,
a,—a,
Ootherwise
and
[ a,—x .
o———ifa, <x<a,
a, —a,
oifa, < x<a,
VA (x):<
x—a, . ,
oc——ifa;<x<a,
a, —a,
Ootherwise

Where a, <a,<a,<a,,a, <a,<a,<a, and GTrIFN

is denoted by
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a
’ '
(IV".a,.ay,d,:0)
al,az,a3,a4;a)

A

GTHIFN —

Definition 2.5 [5]: (Generalized Hukuhara differentia-
bility) let F':/ — R, and fix {, € [ .We say that [ is
(i) right differentiable at f,if there exists an element

F '(to) € R, such that forall 2> 0 sufficiently small,

there exists F(l‘0 + h) S F(to),F (to ) S F(l‘o - h)

and the limits holds ll];m(z]'t r (to + h}),® r (tO) _

- F(t,)OF (t,—h)

h—0 h

= F '(IO)
(or)
(ii) left differentiable at 7.if there exists an element

F '(to) € R,. such that forall 4> 0 sufficiently small,

there exists F(tO)QF(ZO +h),F(t0 —h)@F(tO)

and the limits holds
limitF<t0)©F(t0+h) = limizF(t"_h)GF(t‘))
h—0 —h h—0 —h

= F'(¢,)

Definition 2.6 [3]: Consider the second order linear
homogeneous intuitionistic fuzzy ordinary differential
2
equation i = nz with initial condition Z(to) = p and

dz (ZO)
dt

the following three concepts holds:

Concept - I Only p and g is a generalized intuition-
istic fuzzy number.

Concept - II Only 7 is a generalized intuitionistic fuzzy
number.

= ¢ .The above ODE is called IFODE if any one of
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Concept - IIT Both n, p and g are generalized intu-
itionistic fuzzy number.

Definition 2.7 [4]: The solution of intutionistic fuzzy
differential equation is of the form

[z, (ta).z, (b o),z (1,B). 2 (1, 8) ]

The solution is called strong when

dz, (t,a) -0

dZ}—(%mwo[o,l],z] (£Q)<z(1.Q)
o

&z, (1.B) _  d=:(1.P)
dp ©dp
0V po[0,1],z (¢, w) < z, (¢, y)

Otherwise it is weak solution.

3. Solution of Second Order Linear
Homogeneous IFODE

The solution procedures of first order homogeneous IFODE
of Concept-I, Concept-II and Concept-III are described
by taking the positive coefficients only. The intuitionistic
fuzzy numbers are taken as GTrIFN.

3.1 Concept - I
Consider the initial value problem z "(t) =nz (t) ,n>0

with intial condition z (to) =7 and Z'(to) = ¢ Where

p and ¢ are Generalized trapezoidal intuitionistic fuzzy
numbers.

L?t p= ((pl,pz,p3,p4;Q} ) (pl,pzap3’p4;1//1))
and ¢ =((4,9,-95-9452,): (4, 4,-95,943¥,))

Here four types arise.

Type 3.1.1 When z (t ) and z '(t ) are right differentiable.

Type 3.1.2 When z (t ) is right differentiable and z '(t ) is
left differentiable.

Type 3.1.3 When Z(t) is left differentiable and Z'(t) is
right differentiable.

Type 3.1.4 When z (t) and z '(t) are left differentiable.
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Using the concept of Generalized Hukuhara differen-
tiability the type 3.1.1 and type 3.1.4 are same where the
type 3.1.2 and type 3.1.3 are same.

Solution of type 3.1.1 and type 3.1.4

Consider:
d’z, (t,y
% =nz, (t, ')/)
d’z,(t,y
% =nz, (t, j/)
d*z (t,8 ,
% = nz, (,9)
d*z, (t,8 ,
% = 7’122 (l, 6)
with initial conditions
vl ol.
Z (10,‘}’) =D +Epzl (toaé) =p,+ .
vr 67",‘
Zz(tovJ/):p4_ Zz(tms) p3+_p
yl ol.
Zl(t09y)_ql+ Zl(toaa) Q2_7q
’yr 61”,,

Where:
Z}') =p,—piil :‘b_%;’; =Py~ Ps;

q

r=q,-q;;l.=p,—p;l.=q,—q,;

P q

re=py —P3:7 =44 —4;
P q
Q=min{;Q,,;Q,} and y = min{y,,y,}
The general solution of equation
d’z, (t,7)
dr*

using initial condition,

=nz,(t,7) is z,(t,7) = ce™ +,e
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yl.
bt Qp - cleﬁto +Cze_\/;t0
and
s ce
=

By solving (2) and (3), we get:

t

Jn(j0-1)
A R
Pt +ﬁ 6t e

1
Z (t,y)zg
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(1)

t
Jn(j0-1)
Sl Sl
P2+_p +\/; ‘12__q e
v v

1
ZS(tay =E
t—t
~Jn (0)
)i ol.
py+—= _\/; q,——=|e
v
1
2
t
Jn(j0-1)
or or

1
Zy (ta J/) = E
t—t
~n(10)
or or
o || 0 e
1
2
Solution of type 3.1.2 and type 3.1.3
Consider
d*z, (1,
20D ()
d’z (t,y
% =nz, (t, ')/)
d’z, (t,6 ,
L
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iz (1,6)
dt*

with same initial conditions.

The general solution is given by:

z (ty)= el + c2e_ﬁ’ +cycosInt + ¢, sinInt

- c3c0s\/;t - c4sin«/;t

+ d3COS\/;t + d4sin\/;t

=nz, (¢,6)

z (t )/) "+c,e
le(t 8)=d i "t+dze (

z,(t,6)= dleﬁ’ + dze_ﬁ’ — d,cos~Int —d sinInt
vl ) g yl. yr.
‘I1+Eq + Q4_Eq +Z pl""Ep + p4_6p +
1
¢ = Z\/Z
v ) g v yr
%"’E + Q4_Eq _Z pl""E p4_6p +

yl yr vl rr
1 ) 1 ,
& :2{ P *éJ‘[”4‘d}C°SV”’°‘z[ql ey ]*(%‘Q" J}“

ol. or. ol.. or.
[‘12 _q]+[q3 +q]—\/;[[172 +”]+[}7; +p]]]€\/;r°
4 y 14 v
[ 8. 5r. 5r.
d,=— |:{q2 _"J _[% +"]]sin«/;to —{+[p3 + L ]]\/;cosﬁt()]
v 14 4

3.2 Concept - I1
Consider the initial value problem z "(t ) =nz (t ) ,n>0

with n = ((nl,nz,npné‘;/'t),(nl’ nz,n3,n4;q)))

intial condition z ( ) pand z ( ) q Where n are
Generalized trapezoidal intuitionistic fuzzy numbers.
Here four types arise:

Type 3.2.1 When z (t) and z '(t) are right differentiable.
Type 3.2.2 When z (l‘ ) is right differentiable and z '(t ) is
left differentiable.
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Type 3.2.3 When Z(t) is left differentiable and Z'(t) is
right differentiable.

Type 3.2.4 When z (t) and z' (t) are left differentiable.

Using the concept of Generalized Hukuhara differen-
tiability the type 3.2.1 and type 3.2.4 are same where the
type 3.2.2 and type 3.2.3 are same.

Solution of type 3.2.1 and type 3.2.4

Consider:

d*z (t,

L2 ()2 (07)

d’z,(t,y

2D )z )

d’z (1,6 , .

LAl 6): 6)

d*z, (1,6 : .

% =m (5)22 (t’6)

with initial conditions
’J/l ol.

ol (t097/):p1+ Z (t0a5):p2+7p
yr or.

z (to,y) pa——=z, (t0,6) pyt+—2
7/[ ol.

z, (to,y) g, +—=z, (t0,5) qz_j
yr. 61",,

z, (to,j/)z q, —qu; (t0,5)= qs +7q

and coeflicients

vl ol

n(y)=n +7 n(86)=n, - q)”
o or.
n,(v)=n,- /ln m, (6)=n; + ¢n
d’z, (t=7)

The general solution of equation =n(7)z (t7) is

z(ty)= clemt R

+c,e

dr?
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using initial condition,

t—t
\n+—t 7\n+y—l’;t 51
—a +ce !t ®3) n, = q)" (10)
an
q=|ae F —6e \/ (4) +—9 e
P 5l
By solving (3) and (4), we get: n,— (Dn
Yl
-~ n1+7”(t0—t)
ol
= ——=(t, 1)
q ()
p— e
Yl
+7n
"2 4|,
[ | ol
1 \/7 nz_in
SRR | A L L] ’
2 yl. 2 . (t 5)_ 1
n+—" \BE)=
1 l 2
Similarly, f—t
t—t or.
_ e+ 0)
n4_ ).«" (| 0)
q
p+ e
P+ q e 51”;
J/r, n3+
n4—7”
or.
}/rn =15 +—”(t0 —t)
| (t,—1)
_ q
p- 9 e P or ¢
4 n, +
n4_7n ¢
A
| _1
Zz(t,y)=5 Z2 (t’g)_ 2
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Solution of type 3.2.2 and type 3.2.3

Consider:

d’z (t,7)
dt?

d 222 (t, )/)
dt*

iz (1,5)
dt’

a2, (1,6)
dt*

With same initial conditions and coeflicients:

=n,(7)z (t.7)
=m(7)z (t.7)
=n,(8)z (1.6)

=n(8)z (1,6)

vl ol
n, (j/)— n, +7 n, (6)— n,— (p”

yro or
n, (j/) =n, 7” n, (5) n, + (p”

The general solution is given by:

z(t,y)= clemt + cze_‘/mt +oysinyk (y)t+c,cosJk(y)t

n (7/) (c R —Jk(y)
1

—eusindk (7)) - % )
" (7) +ce cysinyJk (¥ )t — c,cos\Jk (v )t

z, (t,}/) = \/_
7 (t,6)= d]em' + dzefmt +d,sinyk’(8) +d,cos k' (8)t

n (6
m (6)

~

_ l | (7) sin q n, (7) cos

=3 {p(l p (V)J k(y), + 20 [1+ () J} k(y)e
_ l | (7) cos 9 + n, (7) sin

=3 {p[l . (V)J k ()t ) (1 () J} k(y)t,
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3.3 Concept - III
Consider the initial value problem z" (t) =nz (t) ,n>0

with n = ((n1 nz,n3,n4;l),(nl’ nz,n3,n4;(p)) initial

condition Z(to) = p and Z'(to) =qg Where p and ¢
are Generalized trapezoidal intuitionistic fuzzy numbers.

Let p = ((pl,pzep3ap4;Ql )s (P P2s P3s Py Y1)

and

q =(9.9,,95-9432,) (4, 45,95, 5Y,))

Here four types arise:

Type 3.3.1 When z (t ) and z) are right differentiable.

Type 3.3.2 When z (t ) is right differentiable and z '(t ) is
left differentiable.

Type 3.3.3 When Z(t) is left differentiable and Z'(t) is
right differentiable,

Type 3.3.4 When z (t) and z' (t) are left differentiable.
Using the concept of Generalized Hukuhara differen-

tiability the type 3.3.1 and type 3.3.4 are same where the
type 3.3.2 and type 3.3.3 are same.

Solution of type 3.3.1 and type 3.3.4

Consider:
d*z (1,
LA ()2, (07)
2
L2lD () en)
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d*z (t,8 : ,
%: ny (5)21 (195)

d’z,(t,6 . ,
L2001 (6)2 1.0
with initial conditions

vl ol .
z, (t(),)/)=p1+Epzl (t0,5)=p2+ l//p

vr. 61’,

z, (to,)/)z P, —Epzz (t0,5)= Dy + lllp
yl ol.
Zi (thY) =4, +qull (t0’5) =4, _7(1
yr, 51",,

Z; (IO’)/): ‘n _EqZ; (t055): q; +7q

and coeflicients.

yl. ol
n(y)=n, +7” n(6)=n,- (p"
yr. or.
n, (y)=n, —7” n,(6)=ny+ (pn
Thegeneral solutionofequation % =n(y)z(t,7)

vl
. _ In (y)t —\|m+—="
is z, (t,)/)—c]e e g

By solving we get:
p
V24
vl gt
+—== |+ Q
Q ¥l
n, + A”
V74
n +7"(l0 —t)
vl
y! q,+—=
pt—- e
Q yl
n + ﬂ.ﬂ

B s | vois) | January-June 2018 |

Similarly,

yrooq-—-
Pt e
Q yr
n477”
yr
_”4_7”(’0_’)
r
T
p_ﬁ_ qs Q
Q yr
;14—7”
1
22(117)22
t—t
yr
”477”(‘0)
yr
r. 2
Vp 9, Q
Py ¢
Q yr.
n,——2n
A
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or.

e
or.

P+ —— e
y
, 1
6)=—
ZZ(t’ ) 2

Solution of type 3.3.2 and type 3.3.3

Consider:

d’z, (t,y

LAEN) ()20

d’z,(t,y

C2L1) ), ()2 (07)

d’z (t,6 , ,

LAl (5)z 0)

d*z, (1,6 . :

L) (5)2(c0)

With same initial conditions and coefficients;
vl ol

n, ()/)= n, +7 n, (5)= n,— (p”
o or

n, (7/)= n, —T” n, (5)= ny + (p"

The general solution is given by:

z,(t,y)= clemt + czefmt +eysinyk (y)t+c,cosJk(y)t

Vol 5(1) | January-June 2018 |

S

~—"

(y
(v

(cleml + czef‘/mt —cysinyJk ()t —c,cos [k (j/)t)

S

~—

z, (t, )/) = f
7, (t,6)= dlem[ + dzefm' +dysinyJk’(8) +d,cos [k’ (8)t

k] E?) (dlemt + dze’m’ —d,sin\k’(8) —d cos [k’ (5)t)
n,

1 ylp n, (’J/) rP lLi n: (y) rq —E(7 )
[ —4{[pl++ nl( ) Pa—— ||+ n(y) q+—+ nl( ) qa_ig ()

1 lp n, (7) rp lq n, (7) rq (Vo
c —4{[p1++ n‘( ) pa——=1 |- n()/) g +—L+ n‘( ) g, ——=||e

3 [ ] I Ly E)
(;42{[p1+9— ’1‘(;)[;;4—6] cos. k(‘y)to—[ql+ﬂ+ n,(;l) }

4. Application

It has numerous applications and it is mainly useful to find
the equilibrium position of the weight when it is suspended
from a particular height.

5. Conclusion

The linear homogeneous intuitionistic fuzzy second order
ordinary differential equations are solved by taking the
initial condition and coefficient as generalized trapezoidal
intutionistic fuzzy number.
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