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Abstract

In this article, we study the existence of mild solutions of quasilinear random impulsive neutral functional differential
equations with delay in Banach spaces. Our results are based on the Schauder fixed point approach. Moreover, an example
using the main results is shown in this article. 2010 Mathematical Subject Classification: 34K30, 34K45, 47D06.
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1. Introduction

In the various areas of science and engineering the obtain
analysis, design and assessment of current methods
subjected to practical scenarios require deliberate the
respective noise random forces in the system attributes.

The consumption of non-random equations that
dispense with the random change of the parameters or
change by their required ideals knowing how to effect in
gross errors. It is more crucial to reflect on the problem
as soon as the perturbation term is significantly broadly
impulsive in state and it is inherent to anticipate such a spot
in biological systems such as processes in circulation of
blood, beating of heart and graphs for neural network and
autonomous control problems. Therefore, perturbations
of impulsive type are added in a real manner.

In this article we find out that existence results of the
following equation:

[x(r)+ g (tx(0))] +B(t.2)x(1)= £ (1.x(1)),
. te[O,T],t;tgk, W

x(s)=e¢ (Uk)x(gk’),k =1,2,...,

where — B (t, x) is the “infinitesimal generator of an
analytic semigroup of operators in a Banach space X ”

*Author for correspondence

Here, we form the equation (1), f:L>X->X
is uniformly bounded and continuous and the another
function g : L — X — X.Consider L = [O,T],T eR
be any constant. Considering that operator A be a set
containing elements and 7, is a random variable form
Ato D, E(O,dk) for k=1,2,... where 0<d, <.
Also consider that v, and v, are not dependent an any other
asi# jfori,j Lete, :D, >R, foreach k=1,2,...,
Go=tyandg, =¢,  +v, fork=12,..  heret, €L
is an arbitrary real number.

Clearly, 1, =g, <¢, <...<lim¢, =ocix(g; ) = limx(1)
according to  their paths with the norm

X =Sup,...r ‘x(s)‘, for each ¢ satisfies 0<¢<7T.Ina

Banach space X, a norm ||.|| is given.

Manyauthors canbesolved by the existence of solutions
for quasilinear equations in Banach spaces. Balachandran
and Park' discussed the integro differential equation.
Different kinds of quasilinear differential equations
solved by Tasio Kato, Vinodkumar et al.>*. In®” we use
the impulsive differential equations. Existence results of
random impulsive are discussed about'. Anguraj et al,
proved by the random impulsive pantograph equations*.

In the past few years, many papers have been concerned
to study the existence of solutions for differential systems
or differential inclusions with nonlocal conditions®. For
impulsive differential system or inclusions with nonlocal
conditions of order 1 we refer to'". For impulsive
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differential system or inclusions of fractional order we
refer to*'®'? and the references therein.

By the above fact we create a fundamental attempt to
realise the study of existence and uniqueness conditions
for random impulsive quasilinear neutral functional
differential evolution equation using fixed point approach.

In Section 2, we introduce some definitions and
example theorems. In section 3, we examine the
existence results of quasilinear random impulsive neutral
differential equations and example.

2. Preliminaries

We look at the Cauchy problem for the quasilinear IVP.

{x’( t)+Btx)z(t)=flt,z(t)), 0<s<t<T,
z(s)=v ()

with an operator —B(t,x). Assume the following
assumptions.

(§1) The domain D(B(l‘,x(t)))=D of
B(t,x(t)),() <t <T isdensein X.

(§2) For tel, the resolvent

R(y; B(t,x(t)) = (}/I - B(z‘,x(t)))_1 of B(t,x(t))
exists for all » with Re » < 0 and there is a constant T such
that for Re ¥ <0, teL,

[|[R(x;B(t, x())||< TT||o||+1]"

(§3) There exists constants Gand 0 < o <1 such that
t,sel,
B(t,x(t))—B(s,x(t)) < G|t—s|a
Theorem 2.1 ([15]). Let C < y and B(t, ¢)(t,c) € I x C be
a family of operators satisfying

(§1) - (B3), there is a unique evolution system
S, (t,s) on 0< s <t <T, satisfying

@) S, (t,s)<N,for 0<s<r<T.

(i) For0<s<t<T,S (ts):y—Dand t - S (t,s) is
strongly  differentiable in . The derivative

0
58" (t,s)eC(y) and it is strongly continuous on

0<s<t<T.

Furthermore,

5. (65)+ B(1,)S,(1.5) =0 for 0= 1<T
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%Sx (t,s) = B(t,x)Sx (t,s) <N, (t—s)fland

B(1,x)S.(t,s) B (s,x) <N, for 0<s<t<T.

(iii) Forevery @ € D,t € L,S, (t,s)w is differentia-
ble with respecttoSon 0<s <t <T,

0

ESX (t,8)@ =-S, (t,s)B(s,x(s))w.

(iv) S, (t ,S) is strongly continuous for 0 < s <¢<T
and

S, (Z,Q)=Sx (Z,S)Sx (S,g) foro<s<t,
S, (t,1)=1.

From the assumption (§§2) andthat D is dense in y
given that for each € [0, T],—B (t,x(t)).

Define the classical solution of (2) as a function x : [s,
T] — y which is continuous for s < t < T continuously
differentiable for s <t < T, x(f)eDfor s<t < T, x(s) = v
and x'(t) + B(t, x) x(t) = f(t, x(t)) holds for s < t < T'x(t) as
a solution of the initial IVP (2) if it is a classical solution
of the problem.

Theorem 2.2 Let B(t, x) x (¢), 0 < t < T satisfy the
condition (§1) - (§3) and let Sx (t,s) be the evolution
system in Theorem 2.1. If f is Holder continuous on [0,
T1, then the initial value problem (2) has for every v € y,
a unique solution x(¢) given by,

«(1)=5, (t,s)u+j.8x (10) f (0.1 (v)) do

The above theorem’s proofs can be found in [11].
A function xeC (I: v) such that (t) € D(B(t,x(t)))

for te(0, a], xe C'((0, a]:v) and satisfied (2) in y is called
a classical solution of (2) on I. Moreover 3 a constant k >

0 s.t for each x, veC(I:y) with values in C and every
@ € F we have

S (t,8)@m =S, (t,5)w < ijx(u)—v(u)du :
Definition 2.1 ([3])
A semigroup{S(t),t > to} is said to be

uniformly bounded if S(z)<C for all ¢,
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where C >1 is some constant. If C =1, then the

semigroup is said to be contraction semigroup.

Definition 2.2 ([3])
For a given T €(1,,+x), a stochastic process

{x(t) eB,,—0<t< T} is called a mild solution
to system (1) in (Q,P, ), if
x(t)e B; is F, adapted;

x(t,+s)=w(s) when s e(—0,0], and

wx<r>{iﬁe,- (0,)5: 5, (10)[0(0)£(0.0)]

k=0 j=1

k=0 Sk

I Te (o) [5.(00) £ )

k=0 i=1 j=I o

+;BO5 ISX (t,S)f(S’xs)ds}l[gk,gﬁl] (t)
= Sk

n

where H() =1 as m>n,

ﬁ(b/ (Tj)) =b,(z,)b (7)., (7). and

1, () is the index function, i.e.,

Lifte A
1 =
A1) {O,ifteA
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Definition 2.3

Let B be a convex subset of a Banach space E and
assume Obelongsto B .Let F': B — B bea completely
continuous operator and let

U(F)={xeB:x=VFxf0rs0meO<V}

Then either U(F) is unbounded or F has a fixed point.
Lemma 2.4 ([3])

Assume that the following conditions hold:

For 0 <7 <1,X, is a Banach space

For 0<n < fB<1, the embedding X, — X, is
continuous.
There exists a constant C, >0 depending on

0 <7 <1 such that

Ans(t)<&,t>0

<
3. Existence Results

In this section, we tend to discuss regarding the solutions
for quasilinear differential equation with random
impulsive condition by using fractional powers of
operators and Schauder fixed point approach.

Lets>0,take B, = {v IS X;vpc < S} and assume the
subsequent conditions.

(q1) There exists a constant E_> 0 depending on
0 < ¢ <1 such that

E
BXS(f)Stz—i,DO

(d2) The mapping g: [tO,T]XE — X satisfy the
there exists a number ¢ € [0,1] such that for any x,

yeE,te (t, T] and g(t, x,) € D(B°) and
Bxg(t,xt)—B"g(l,y,)SDgx—y,,
D,>0

(q3) For all te [l‘o, T] , it follows that
f(t, 0), B*g (t, O) € L' such that
f(,0)<P,
B*g (z‘, O) <P, )
where P Pg > ( are constants.
(d4) The condition

ScieXplore: International Journal of Research in Science I I -
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(d5) x, D(Bg), for any A> 0 and ngo <r

(46) The function f (.,a)

) is strongly measurable on
0,71V weE and ,)eE|(E, for each
[0,7] f(t.)eE(E,X)

There existsa non-decreasing function

te[O,T].

Y, e E(R",(0,0)) and n, € H”([0,T].R") such

that
f(to)< w)e[0,T]|xE

(d7) Now, from the properties of (T ( ));> and f,
the Bochner’s criterian for integrable functions and the
inequality,

T(t=s)f (s, +2) <Egn, (5)Y, ((tsjsz)szl

(d8) The function fis continuous and for all 3 > 0 with
[O, 3] (ﬂ,E) c [O,T] x E, there exists

n, (t)Y}-(a))t, for all (t,

3f,3 e 37 ([O,T],,R+) such that,

f(sw)=f (s.0,)<3,,(s)w,—v,

And suppose the following conditions are:
(G1) The operator B, = B (0, X, ) is a closed operator
with domain D, dense in y and

(A1-B,) <T,[A+1] ", Awith ReA <0.

(G2) For some abelongsto[o,l) and for any
vbelongstoB _, the operator B(t,BO_a)v is well
defined on D for all thelongstoL. Also, for any
t,vbelongstoL andfor v,m €B_,

[B(t,B&av)—B(V,B(;aZU)}B(;l ST2|t—v|‘j +v—o’
Where 0 <e <1,0<p <1.

(G3) Forevery t,ve L and v,m €B_,
g(t,Bo_“v)—g(v,Bo_“w)SE[ —

(G4) Forevery t,ve L and v,meB_,
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f(t,BO_”’V)—f(v,BO_“w)ST4[|t—v|é +v—wp}
(G5)x, € D(B; ), forany 2>8 and By x, <r

Theorem 3.1

If the hypotheses (d1) - (d8) be hold. Then there exists
a mild solution of x(#) of equation (1).

Proof:

Let T be an arbitrary number ¢ < T < +oo. Define

y:B->E,

= iﬁej (Uj )B{f

k=0 j=1

STTe (v, Be )

k=0 j=1

—iiﬁ% (Uj )B(f

k=0 i=1 j=1

TSX (t,S)B(S,x)g(s,xs )ds

—ZB’SJS ts
ST (v,) 5 f

k=0 i=1 j=1 c

LS B[S, (1.5)
k=0 Sk

S.(1.0)[0(0)-

2(0.9)]

)g(s,x,)ds

(t,5) 1 (s,x,)ds

i1

f(S, Xs )dS]I[gk,gk+l] (t)

Step:1 o is bounded

()22 Tl o) 5. 00000005009 1., 0)

D3l AL
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0 _
St

0
k=0 j=1

USX (t,s)f(s,xs )ds}

)

I[gk ,gk+1] (t)
wx(r)<

+r {m?x {ﬁe}. (uj )H B™* [B"g (1,x,)5B*g(1,0)+B*g(1, O)J

By lemma 2.4, (d2) and (d3), the following relation
holds:
B"* (s,x)B”g(s,xs)

=B"*(s,x)B*g(s,x,)—B*g(s,0)

+B"g(s,0)
€y [Dgx+ Pg]

(s,x)z(lfl)

Then,
wx(1)<MrCo(0)-g(0,¢)

+rMB™* [ D,x+P, |

A

+2Cr max {1, M} T

o
; (s x)z(lfl)

[Dgx+Pg]ds

Vol 7 (1&2) | January-December 2020 |

+rC max {I,M} Tj[D_fx + P ] ds
lo

Taking supremum over 't', we get
wx(t)<E +E,x

Where, E, =MrCe(0)—g(0,9)
E,=rMB™* [ D,x+P, ]

+2Cr max{l,M} T

=

t (S’x)2(1-x)

+rCmax{1,M}Tj[Dfx+Pf]ds

f

[Dgx+Pg]ds

Where £, =1,2,... are constants.
Hence ¥ is bounded.
Step: 2 ¢ is continuous

Let {xn} be a convergent sequence of elements of x
in B . Then for each tbelongsto [0, T] , we have

VX, (t) - l//x(t)

<STTe,(v,) B[S, (2.0)-5.(1.0)]

ScieXplore: International Journal of Research in Science I 13 -
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[j‘an (Z,S)B(s,xn )g(s,x‘Y ) =S, (t,s)B(s,x)g(s,xx)ds}

)

+B} [n}%x {1, ]je,- (U.f )H

[isxﬂ (r,s>f<s,xs)—sx(r,s>f<s,xs)ds}}f[gk,gk+l] (1

<Mr[ S, (.0)-35.(1.0)J0(0)-(0.0)

+rmax{1,M} o I[gk,gkﬂ](t)
S.(1,5)B(s,x)g(s,x,)ds
S, (t,8)f(s.x,)-
+rmax {1, M } tJ; ) (o) I[gk,gkn](t)
S, (t,S)f(s,xs)ds

wx, (t)—yx(t) > 0asn —
Step: 3y is equicontinuous

Let #,t, belongsto(t,,T] andif t, <1, <1, <T,
then by using hypothesis (d6)- (d7), we have
vr(n)-wx(t) -

ZHe (v,)B7 8. (.0)[2(0)-2(0.0)]

ST o)
_gilji][ej (U_/ )BSS

] (s X )ds

_235 IS x)g(s,x,)ds
ZZH (v,) 5 ]S (1205) F (5., ds +

- 14 | Vol 7 (1&2) | January-December 2020 |

{zne( )85, (1,0)[0(0)-2(0.0)]

k=0 j=1

ST o) sl
_ggljej (UJ )B )

TSX(ZI’S)B(S,X)g(S,xS)ds

B[ 09) 55 (5.0 )
+ZZH6 (v, )ngISx (5) f (5., )ds
DS ) )i )
T )5 o2 (0.0)]

[I[gk i) (t2 ) N I[gk 5o H] (tl )}
X TTe, (o) 8 (21w, )~ (6%, ))}

| k=0 j=1

[[[gk SeH] (t2 ) o I[gk 5o H] (tl )}
I

H 22T e (v) B
| k=07i=1 j=I

Si

J.Sx (1,,8)B(s,x)g(s,x,)ds

Si-1

+§:Bg ij (t,,5)B(s,x)g(s.x, )ds]
k=0 Sk
|:I[§k e H] (tz ) B [[Qk s H] (tl ):|

o k k

ZZ ( ) I  (£2:5)

k=0 i=1 j=I S

=S, (1,,5)1B(s,x) g (s,x,)ds

ScieXplore: International Journal of Research in Science
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3B [15. (12:5) =S, (1))

k=0 i=1 j=1 k=0
Sk
+

]L[SX(IZ,S)—SV(t s)S(s.x,)ds £ (s,x, ds+IS (t,,8) f(s,x,)ds

Sic1

|:I[gk i+ (tl ):|

Then,
wx(t,)—wx(t)<L+L+1L+1,+

I, +1,(2.1)
Where,

STIe (v)8:[0(0)

Il_ k=0 j=1

I:SX 2> )_Sx (tl’o)]
|:][§1< s H] (t2 ) - I[g,( A6 +] (tl ):|

b et s

~£(0,¢)]

k=0 j=1
_1[§I< 6+ (t2 ) - I[gk G +] (tl ):|
1=
S
S5 0)8 . (05)8(s10) 0.5 s
| k=0i=1 j=1 i

+§B§TS (1, S)B(s,x)g(s,xs)ds}

Vol 7 (1&2) | January-December 2020 |

[I[ﬂ i+ (t2 ) - I[gk i+ (tl )}
SSTTe, (o)) 15, (005)

I—k011/1 i

=S, (4,,)1B(s,x) g (s, x,)ds

+ZB‘S _[[S

t,,5)1B(s,x)g(s,x,)ds

+ISX (t,,5)(s,x)g(s,x,)ds

]

+ZB5J.S t,,8) f )d}
|:[[§k’§k+1] ()~ L g (4 )]
S e o) 15, (),

16—k011]1 S

S, (4,,5)11 (s,x,)ds

ZB‘S I[S t,,5)=S.(1,5)]

f(s,xs)ds+.|.8x (t,,8) f (s,x,)ds

]

|:I[gk 1] (1 )]

Consider,

I <

1

STIe (v)B:0(0)

k=0 j=1

|:I[§k A6 +] (tz ) - I[gk,ngrl] (tl )j|
<macfiTTe (o) B0 (0)-
j=1

—¢(0.0)S.(,,0)- 5. (1,,0)

g(O,(p)SX (tz,O)—Sx (11»0)

ScieXplore: International Journal of Research in Science I 15 -
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|:][§k S+ (l2 ) B 1[§k i +] (tl ):|

<max {I,M}rKS,(t,,0)-S.(1,0)

|:I[€k S+ (tZ ) B I[gk S ] (tl ):|

— 0ast, > ¢ (2.2)

{i Ak e (v,)B; (2%, ) -2 (o, ))}
[1 e () =g o (8 )J
ol

J

|:I[gk e+ (t2)_1
<max r( ( xtz) g(tvx ))
|: [se-ce+1] ( )_ [50-6:+1] (tl)]

—>0ast, >t

(g tz,x z‘l,x,I ))
)

gx §k+1] (tl

s [ZZH(ZZ))B

k=0 i=1 j=1

TSX (t,,5)B(s,x)g(s,x,)ds

+§B§ ij (tz S B(S,x)g(S,xs)ds:|
k=0 Sk
|:I[§/c SxH] (t2 ) B ][gk 5] (tl )}
Smax{ He ( )}TBE
[S.(1:5) B(5.x) g (5,3, )| 1,y () =1 oy ()]
0

< max {I,M} rTCJ%BH) (s,x)Bu g(s,xs )ds

- 16 | Vol 7 (1&2) | January-December 2020 |

[z[gk (&)1 (1 )] <max {1, M} rTC

t

j(sj) [DaepJas[1, ()1 (8)]

—>0ast, >t (2.4)

)=S.(t,5)B(s,x)g(s,x,)ds

+J2.Sx (tz,s)B(s,x)g(s,

4

Xs )dS I[gk,gk +1] (tl )

< max (1M} T[S, (1,,5) - S, (1,,5) B
0

(s,x)B” g(s,xs ) ds

+r(t,—1,)

JZ.SX (tz,s)BH’ (s,x)B” g(s,xs)a’s

)

Smax{l,M}rTJ.SX (t,,5)=S.(1,5)

0 (s,x)
+r(t,—1,)

t C,

-[Sx (tz,S)wliDgx-FBg:ldS
(s.x)

4 s

— 0ast, >t (2.5)

I

5

ST (v)5

<

ScieXplore: International Journal of Research in Science
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TSX (t,,8) f (s,x,)ds [I[gk,wl] (tl)}

;,-100 tz gmax{l,M}l’Til[Sx (tZ,S)—Sx (tl,s)f(s,xs)ds
+;ng§x(tz,s)f(sx )d } +r(t _t) 0

|:I[§k 26 H] (t2 ) N I[gk el (tl ):| J-Sx (tz,S)f(S,xS )dS

k ]

< max {I,Hej (L)j )} Bg < max{l,M}rTJ‘SY (1,,5) =8, (t,8)n, (5)y, (s) f (s.x,)ds
j=1 0

+r(t,—1,)

8. (05 1 (5.3 )m, ()., (5)ds
|:I[gk A5 +] (tZ ) o ][g,; i) (tl ):| .

< max{l,M}rTEj.‘S’)r (t,,5)-S. (tl,s)nf (s)ds
0

]Z.Sx (1,,8) f (s,x,)ds

Smax{l M rTJ%S t ,S)f(s X )ds

|:][§k §A+l - gk | tl )} +7’(f2 —tl)E;[SX (tZ,S)f(s,xs)nf (s)ds
)

<max{1M rTEZI f((s yfx —0ast, >t (2.7)
0 t,s
[ I ( t _ t ) From the Equations (2.2)-(2.7), it follows that the
[sk-66+1] §k i+l W R.H.S of (2.1) approaches to 0 as t, gives t,
( S) Hence ¥ is equicontinuous.
< max {1, M rTEzj L ds
l,s Step: 4 v is uniqueness
Let T be an arbitrary number #, <7 < +o00. Define
|:I[§k S+ (l‘2 ) - I[gk | (tl ):| w : B — B as follows
Now we have to show that I/ isa contraction mapping.
—0ast, > ¢ (2.6) y/x(t)—y/y(t)
B o k k ok
ST (v)5 < T )8 5.0 om0 s
I, < k=0 i=1 j=1 k=0 j=1 6
Si © t
ISX(tZ’S)_Sx(tl’s)f(s’xs)ds Z J.SX(t’S)B(S’x)[g(S’xS)_g(s’ys):'ds
L S k=0 g

S8 S, (). (105) £ (5.3 ) ST (08 [0 (x) (5]

P k=0 i=1 j=l Sia
+ ® t
1 s
B S, (15) (55 ) 2B (ST (5)= ()] )
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[[gk Sk +I] (t)

<max{1M rTC .[3 —y.ds

855

+max {1, M } rTCJ.Sf,ij -y ds
f
C2
. max {1, M}rT—Bg,é ey
+max{1,M}rTC3f,3

<Ex-y
With E=max {1,M }rT

2

—-3,, +max {1,Mm} rTC3,

Then we can suitable 0 < T, < T sufficient small such
that 2 < 1, and hence v is a contraction on B — B.

Lastly, by the Schauder’s fixed point technique, y has
a fixed point and which is a mild solution of the problem
(1).

3.1 Example

Consider the following nonlinear parabolic random
impulsive differential equation

In a barrel 9, = px (O,T ) with coefficients in O,
, where p is a bounded domain in R",0p the boundary
of p,v is the outward normal. Here the parabolicity
means that for any vector z # 0 and for arbitrary values

of ¥,t,x,Dx,....D*"'x

(-1) Z a, (y,t,Dx,...,

la|=2n

D'x)z" 2Tl >0

Assume that v, is the random variable defined on
DkE(Od) for k=1,2,...,where 0<d, <+o.
Moreover assume that v, & v, are not dependent of each
otheras i # j for i, j = 1 2 G0 =10,G; =Gy T U,

fork=1,2,.., and maXqu( )<00 Here £, ER

is an arbitrarily given real number.
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Ifx,(y)e T (p), then Byx= Y a, (.t Dx..

lo]=2n

DZ”"x)D”x

is a strongly eliptic operator with continuous coefficients.
So (G1) holds. Let us take  to be LP(p)< p <. Then
By ' maps bounded subsets of £’ () in to bounded
subsets of WW*"? ( p), so it is a completely continuous

2n—-1
operator in L’ ( p). Further, if 5 <a <1, then
n
|D"B,~ax|| <T| . 0<|p|<2n-1, where T
depends 31mp[est on a sure at the coefficients B, on a
module of robustellipticity and on a modulus of continuity
of the main coefficients. Hence the norm is described as,

= 2 p(y) ds

lel</jp

For any positive integer j and a real number
p, 1< p<oo. After that if fand @, are continuously
differentiable in all variables, then (G2)-(G3) hold with b
= v = 1. Hence there exist fundamental operator solution
Sy (f »S ) for Equation (3). The nonlinear function f
fulfilled the (G3)-(G5). Hence by the theorem 3.1 there
exists a local solution of (3).
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